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Introduction

In order to know specifically the different aspects of science, one or the other form
of measurement is needed. Physical characteristics of matter that can be measured are
called quantities. As for example, each of the terms such as length, mass.hn'le‘;‘gvé
velocity, work etc is a quantity. Any quantity in physics is called physical quantity;

Some physical quantities can be completely expressed only by magnitude. On the
other hand there are many physical quantities which need both magnitude and direction
for their complete expression. Hence, according to properties or characteristics we can
classify physical quantities into two categories; eg=;, i rmar el Bies

(a) Scalar quantity and e do iaLin 1010V
(b) Vector quantity. , e S HnaRLE 10V

After studymg this chapter students will be able to-— _ R
2N ET 101397 i

' 1o Dueevigry ai ebu'n@
@ explain vector representation ¢ of different physxcal quantltles of physics.

1-RQl NS o
@ explain some special vector quantities. e e

@ explain pr0pert1es of vector
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explain geometrical addition rule of vector quantities.

analyse addition and subtraction of vector quantities with the help of perpen-
dicular components.

resolve a vector in three dimensional rectangular components.
define scalar and vector products and their applications.
explain the use and importance of calculus in physics.

explain the concept of vector calculus.
@ use vector operator.

2°1 Vector (properties and symbols)

To describe sone physical quantities indication of direction is required along with
magnitude. These physical quantities are vector quantities. If such quantities of the
universe are not expressed by magnitude and direction, then expression of these
quantities remain incomplete. Vector quantities follow or obey some rules; e.g:=—

#1! Vector quantity has magnitude and direction.

2. Two or more homogeneous vectors can be added. Different kind of vectors
cannot be added.

{8'When two or more vectors are added, then the resultant vector is equal to the
result of total action of the first two vectors.

{4} The vector product of two vectors is a vector quantity.
#5.iThe scalar product of two vectors is a scalar quantity.

#6:The direction of a vector is indicated by the proportion of the vector quantity
and its magnitude.

87! Vector quantity obeys the rules of addition and distribution.
#8.Vector quantity can be divided into components.

A vector quantity is expressed in two ways by sign, e.g. —by letter or by straight,
line. By letter a vector quantity can be divided in four ways, e.g.—

(a) Vector form of a quantity is expressed by putting an arrow over a letter and
its magnitude is expressed by placing two vertical lines across the letter. Normally,
magmtude of the quantlty is also expressed only by the letter

(b) Vector quantlty is expressed by puttmg a lme above a letter and its

-magmtude is expressed by two vertlcal lines across the letter.

S I S
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(c) Vector quantity is represented by putting a line underneath the letter and
its magnitude is expressed by two vertical lines across that letter. For example, ‘vector,
representation of Ais A and its magnitudeis | A |7

Zz
(d) A vector quantity is represented by a bold

letter. For example vector form of A is A and its’
magnitude is A.

Vector representation by the method (a) is more

convenient and in this book this method will be followed.

SOy

In three dimensional coordinate system, rectangular

-3

unit vectors are shown by symbols T ;\ and k along the

axes X, Y and Z [Fig. 2'1]. X Y
Fig. 2’1

2'2 Vector representation

Different vector quantities are mathematically expressed in vector form. As a result
the magnitude and direction of the quantity becomes clear. Vector forms of some physmal
quantities are shown below.

Force : The external cause which changes or tends to change the state of rest or
motion of a body is called force.

[Force is'a vector quantiti It has both direction and magnitude. If the mass of a

' : g — : . = figlsic]e

moving body is ‘n7’, its acceleration is @ and force acting on this body is F, then the
vector representation is

— - 3
Femd
Rotational force or torque

- =St FHA TR e e
Rotational force means torque. In case of rotational object equivalent quan ity of
force is torque. |

The product of the position vector and applied
force on a point of a body rotating around an axis is
called the rotational force or torque. ' T

= ;
Al O imnoNTite: = If 7 is the position vector and F 1s the ap]lled
F
N

force. then, : By La
L a3t o1l e TL1Qrrs

1/4r’

The du‘ectm:; of Tis

¥ perpendlcular toa plane that contams r ,and. F coiian
Fig. 22 : 11 OEO0L
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Angular velocity
If the time interval approaches zero, the rate of change of angular displacement

with time is called instantaneous angular velocity or angular velocity (o). Its mathe+
2D
imatical expression in vector formis v = @ xr

Direction of angular velocity (Vector form)
Direction of Angular velocity is a vector quantity. It has both
angular velocity @direction and magnitude: Its direction can be
demonstrated with the help of a right-turn screw.

If a particle is rotated in a circular path ABC and
by placing the top of a right-turn screw perpendicularly
at the centre of that plane of the circle is allowed to
rotate along the rotation of the particle, then the
direction of rotation of the screw will be the angular
Fig.23 velocity of the particle [Fig. 23].

Angular momentum
The vector product of the radius vector and the linear momentum of a revolving
particle is called angular momentum.

Explanation : Suppose 7 = radius vector of a particle rotating with respect to its

centre of rotation and P = linear momentum of the body. Hence, according to the
definition the angular momentum is

T=7x

=l

Here 6 is the angle between 7 and B [Fig. 2'4]. The
perpen-dicular distance of the line of action of the

momentum from the centre of rotation is r sin 6. So, the

product of linear momentum of any particle and the .
perpendlcular distance of the line of action of the

momentum from the centre of rotation gwes the magmtude

of the angular mommtum.

The chrechon of T will be perpendxcular to the plane in which 7 and P are
located. ‘The direction T T willb be determined by cross product.

Fig. 24

i
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“The direction represented by the normal drawn on a plane or surface is the vector
of that surface. In this case the plane is the surface. The normal drawn on' a sﬂrfaceg
called the surface vector of that surface. In the following figure surface vector ( 7 ) has
been shown by hypen line. Here the coil is the surface.

A
n
Normal on the 2 0
// > surface of a coil > > ’;r : > %
r— : f\ o L Lt
2 R T% 7 o0
] £ n ). ZNIE y 4 'an
: NG 7 5 ;7
e : A _;_ \ f r ; %
{ Coil Magnetic field _ : /
() (b) (©)

Fig.2'5
2'3 Special vectors

Unit vector

When a vector of non-zero magnitude is divided by its magnitude it gives a unit
vector along the direction or parallel to the direction of that vector. That means, a
vector whose magnitude is a unit is called unit vector. :

In order to descnbe a unit vector normally a hat sign () is put on the small letter.
A
For example, 1, @, 1 etcare used for denoting unit vector. - '

Let A be a vector whose magnitude, A #0

_)
4 —— e ————
= unit vector along the direction of A=a (suppose). A
So, if the magnitude of a vector =S o
= A As4a. i it abis ot O 0B
A is A =4 unit, and if a is theunit P} f — i — Q
vector along the direction of A, then —:——’ Sel 3 - Si il I
A =42 [Fig. 26]. o noison bogassh birs (S R VRl Yol
a 1 . - r. L o
g Flg 26 rn

That means, if the magnitude of a vector is multiplied by its unit vector, then we
get that vector.
Null or Zero vector
Suppose, two persons at two ends of a rope are pulhng it with the same force.

Then the resultant of that tensmn w1]1 be a null vector. In other words,
' : zero vecto 'Ihe:mhalandtheendpom o-a-zero

2103997 -_-}zh;,.l

or by Subtl‘aCbIlS tWOs seq_Z;._.f-i_' :3- f'_.'ﬁ
direction.
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Position vector

A vector is needed in order to know the position of a point in the reference frame.

The position of the body canbe determined by the magnitude and direction of that
vector.

Y When the position of a vector is specified with

P reference to origin of a reference frame, that vector is
called position vector.

Suppose X and Y are two mutually perpendicular

N

: —
axes and O is their origin. P is any point. Here OP vector
indicates the position of point P with respect to point O.

—
o - So, OP is a position vector [Fig. 2'7].
Fig.27

Sometimes, position vector is called radius vector and it is denoted by r. So,

OP = _r) The radius vector is defined as follows :

Radius vector
The distance of a point from the origin is called radius Y|, P
vector. It is denoted by A [Fig. 2'8]. :
Explanation : Here, the distance of the position of point o X
P from the origin is called the radius vector. Fig.2'8

1S ment vector
Dlstance travelled by a point along a linear or straight path is called the
dmplacement vector. It is represented by R

R Explanation : Suppose, the dxstance travelled by a point

A B along a straight path is AB =R.
Fig. 29

So, T{) is the displacement vector [Fig. 2'9].

In other way it can be said that if the initial position of a
body is 7: (1, ¥1, z1) and changed position is ?: (%2, Y2, 22),
_then displacement vector AT = ?2} — 71) [Fig. 2'10].

Fig. 2'10

Fikesea

it Ifj:um vectorBA and B of same type having unequal magnitude are parallel to

e SOOTIW 1105990 BT St sk < _ each other and directed along the

»  same direction then they are called
like vectors [Fig. 2'11].

FExaaplet A
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Reciprocal vectors
If the magnitude of one of the two parallel vectors is reciprocal of the other, then
they are called reciprocal vectors. '

o

- A - A —> — _
Example : A =5iand B = £ 7, here A and B are reciprocal vectors.

Collinear vectors

If two or more vectors are directed along the same line or parallel to one another,
then the vectors are called collinear vectors [Fig. 2'12].

—_
A A
> ;
5 : ;\ | /; ,
A B =
> >
Fig. 212 Fig.2113

Coplanar vectors

If two or more vectors are parallel to (or lie on) the same plane, then the vectors are
called coplanar vectors [Fig. 2'13].

Negative vector and Equal vector .

If the magnitudes of two similar vectors acting opposﬂe to each other are
equal, then those vectors are called opposite or negative vectors of one another
And if two similar vectors have same magnitude and

ﬁ -
are in the same direction, then they are called equal ~ A" = ¢« P 08 0B ¢
vectors. — L
3 P
Inﬁg 214 opposite or negative vector ofAB = B 5 holianslgrd A
_)
BA= -P

= © Fig.-214 .7
here Kﬁ =BA

2'4 Rules of geometrical addition of vectors

Geometrical Method : Two similar vectors can be added or subtracted For
example, displacement can be added only with displacement. Question does not anse to
add or subtract displacement with velocity. A vector quantll:y» has both
and direction. So, addition or subtraction of vector quant d
algebraic rule. It is the dlrectlons of vectors that t:reatg,-pm blem:in ¢ _ f
example let the veloc1ty of the oar of a boat be 8 km]hr and the ve '0c1 of currmt m
the river be 6 km/hr. If the boat is allowed to move straight from one bank of the river to
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~ the opposite bank, the velocity that will act on the boat will not be equal to the algebraic
addition of (8 + 6) = 14 km/hr. This will not give actual velocity—actual velocity will be
tota]ly different. Besides, the dn'echon of the boat will be between the directions of the
; ddition and subtraction of Vector quantitie§are done,

In order to add two like vector quantities, the quantities are to be directed along
the same direction; on the other hand for subtraction the quantities are to be directed
opposite to each other. But if two or more vectors act at the same point, their addition

.. willbe a new vector. This new vector formed due to addition of two or more vectors is
- called the resultant of these vectors. That means, the resultant is the total or united result
of the vector quantities.

- Of the two vectors, the end or head point of the first vector and the initial
point or ta:l point of the second vector are placed on the same point, then the

d‘“ ﬁs #)d’ ’Lw 0.5 ‘\'r 190 213 2f03139YV ALILM]
dl m: f, thy *Dh;%{gj t }1{1?! gonnectmg the xmtlal or tall pomt of the first vector and
the end or head point of the second vector w111 give the direction of the resultant

ecto;. The length of that straight line will ‘give the magnitude of the resultant"
ecto: ;

o A ' ' L
Exj Ianatlon Suppose t two vectors‘l’ and Q are actmg at the same tune at the

't andrweaneed to find out the resultant vector R

e J
Let the tail point of the vectorQ represented by
line Be%e“pla’cedtfat*i&\eah%aao ‘-*ér*raw 15‘6111[" of the

@abbs od g,z 3;%mw edbb“hné""{ ig. 215]. Now, let _
{61224 dﬂ'arfx&:\mqalb ot 0 et be G 115 1 fx ,-,mrm’ =

sl e e lq,igscéaq connecting, the tail point of P and. -
: of ﬁl‘ﬂi‘ﬁﬁliﬁe'ww%m ive the resultant

e

SRR 40 O

ih ad}. 2 pisadagis 2
Ct%?jjl;:w oéllsdlqmm‘Q ’!

Ayl ada 6 od 19(2"1)3!1] '§I
1

= 5
Aoumlds 2 il T%l
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Similarly, more than two vectors can be added.

In fig. 2'16, three vectors 1_'-’) a and §} have been < =
indicated by straight lines OA, AB, BC and by straight iy B
line OC their resultant has been indicated by K. 5

T =
Here, resultant, R = P + Q +§ Q
) = > A
Again, if P, (_2) R act along the three arms of a o 7
—_
triangle then, P + (_2) +R=0 Fig. 2'16

2. The triangle law

If two similar vectors acting at a point can be represented by two consecutive
sides of a triangle taken in order, then the third side will give the resultant vector in
the reverse order.

C Explanation : Suppose two vectors P and O are
to be added. First of all, initial point a is connected

X with the terminal or end point of P and let the two
6 vectors are represented in magnitude and dii)ecﬁon by
arms AB and BC. Now, let the initial point of P and the
A » end point of 6 be added and complete the triangle ABC.
bt g The arm AC represents in magnitude and direction the
Fig. 2117 resultant vector R of P and 6 [F1g 217].
That means,
T o
ort BL G i e (712)
Again, AB+ BE = AG-—GA [‘."?C=—C_1)\]
or, AB+BC +(T.:)‘X 0 L Bt (2:3) S

Conclusion : If three vectors acting simultaneously at a point are ml’.';ﬁﬁen
by three sides of a triangle taken in order. then the resultant wxll be zeﬁ

3. Law of polygon -

This law states that if a vector polygon be drawn, placing the tail-end of each
succeeding vector at the head or arrow-end of the preceding one, their resultant i is
drawn from the tail-end of the first to the head or arrow-end of the last.

Explanation : Let us consider vectors A B C D E [Fig. 2 18] and thelr resultant
vector is to be found out. Now, we place on the head or arrow-end of the first vector A
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the tail-end of the vector E Then on the head or arrow-end of E) the tail-end of E} and
following the same procedure other vectors are
placed successively [Fig. 2:18]. Now connect the
tail-end of vector X and the head or arrow-end
of the last vector i,e., E} Then, according to the
law of polygon, this connecting vector T?) will
indicate the magnitude and direction of the
resultant of the mentioned vector quantities.

/ —> =, =)
o ResultantR A+B+C+D+E
A .
Fig. 2’18
4. The parallelogram law

If two similar vectors acting simultaneously at a point can be represented both
in magnitude and direction by two adjacent sides of a parallelogram, then the
diagonal from the point of intersection of these sides gives the resultant vector both
in magnitude and direction.

Explanation : Suppose, two vectors OA = P and OC = 6 are acting at the same
time at point O of a particle at an angle o [Fig. 2:19]. Taking OA and OC as adjacent
sides let us draw a parallelogram OABC and connect OB.

Now, according to the parallelogram law, the diagonal OB drawn from the tail-

—_
points of P and 6 represents the resultant vector R ie.,

Gh + Ot = %
T on

Determination of magnitude of the resultant : |
Suppose the magnitude of the resultant is R and ZAOC = o is an acute angle
[Fig. 2:19). Now from point B let us draw normal B
BN on the extended line of OA which intersects
the line OA at N.

'+ . Now, AB and OC are parallel
s ZAOC = ABAN= o
~ Again, in AOBN, ZONB = 90°
- . OB? = ON?+BN? = (OA + AN)2 + BN?
‘ \kmrw jemd =l 0A2 +20A.AN T 'AN? + BN2

".
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But, AB? = AN2? + BN? [~ ABNAis aright angled triangle]

or, OC?=AN?+BN? [+ AB=0C]

Now from trigonometry,

AN = AB cos o= OC cos o

So, OB? = 0OA? +OC2+20A . AB cos o,

or, OB? = 0A?+0OC2+20A. OC cos a.

or, R? =P2+Q?+2PQ cosa

& R =+PZ+QZ+2PQcos & (2°4)

Determination of direction of the resultant :

Suppose the resultant R makes an angle 8 with P, i.e., ZAOB = 6.
So, in the right angle triangle AOBN,

gewzg BN _ . BN
MY =ON~ (OA + AN)
AB sin o 5 BN d AN ]
~ (OA + AB cos ) SIUGL =i RE andicOS 0d s
_ Qsinqa :
tan 6 = “P+Qcosq (2'5)

Hence, from equations (2'4) and (2'5) we get R and 6 respectively.

Investigation : Under what condition the magnitude of the resultant of?‘t‘v; ) equal
vectors can be equal to the magnitude of each of them ? , TSR _-hi ¥

Let the magnitude of each of the vectors be a, angle between the two vectors
and the resultant of the two vectors be b.

b%2=a?+a%+2a .acos O
or, b2 =242+ 242 cos 0
or, b2=2a2(1+ cos 0)
b=a V2(I +cos 6)
Now, if V2(1 + cos 6) = 1, then there willbe b =a

or, 2(1 + cos 0) =

Aly

or, cosf= 5,_1-—— 1= —%:cos 120°

or, 0 =120°
Hence, if the angle between the two vectors is 120° then the magmmde of the
resultant will be equal to the magnitude of each of them. ,
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@alculate?‘" Calculate the resultant displacement if the dmplacement of a parhcle is 4 km
andrlﬂ km respechvely along the North and the East. .

Vectors Kf.’» and B% represent 4 km and 10 km displacements respectively along
the North and the East. According to thelaw of triangle the resultant of the displacement

vector KZ: is drawn.

g Lkm — C If the angle between AB and AC is 6 and the

magnitude of the resultant vector is R, then

5 R R=+102+42=+/116 = 1078 km
S Ratanige —Eg =25 - 0=682°
A R

Some special cases :

(i) If o =0° i e., vectors P and Q act in the same direction or the vectors are
parallel to each other, then
R? = P2+ Q2 + 2PQ cos 0°
= P2+ Q2 + 2PQ [ cos0°=1]

| = (P +0Qp
| 2er- "R =P +0

A 0 Pfgﬁoosoo P-SQ SNBSS eini02 0]
SRR DRGNS T 2 _9 -—tan‘10 0° - .
g.(.h-.--- 1 9._00- - 4
e - 80 the magnitude of the resultant of the two vectors acting in the same direction is

- the sum of the magnitudes of each vector and the dlrechon of the resulta.nt is in the
direction along which the vectors act.

(i) If, o = 90°, i.e., vectors P and Q are perpendicular to each other, then

i L '"—Rz P2 + Q2 + 2PQ cos 90° = P2 + Q2 [ "+ .cos90°=0 ]
\‘g or.'“R P2 + Q2
g \ Q sin 90° Q
% : ““Ltaﬂi P+ Q cos 90°
S 0= tan'l [Q it 3

_means _ if two vectors act perpendzcular to each other, then their. resultant will

oot of the addition of squares of the two quantities.

the two vectors are in oppps1te d1rect10n to each other, then
2 4+ 2PQ cos 180°
"’P"+Q-—“2PQ’ I c03180°=—1] |
i‘%f ar oy owi wif tmewiad elgns arly 1t | sonukl
.:ﬂrﬁm 30 Aos 1o shulingss orll o} lsups §4 U tnsiluzss

er
A




VECTORS

Qsin180° 0 _ | I nane
and tan 6 = P+ Qcos 180° P—Q_O [~ sin180°=0]

0 = tan~! 0 = 180° or, 0°

i.e., if vectors are opposite in direction to each other, then the magnitude of the
resultant will be the subtraction of the two vectors and the direction of the resultant will

63

be along the direction of the larger vector. But if the vectors are equal and opposite in

direction, then the resultant will be zero.

Considering the above cases, following results are found. When the magnitudes of

the two vectors are a and b and ¢ represents their resultant, then

(i)  the maximum value of the resultant of the two vectors ¢ = @+ b, whenthe tWo

prmapal vectors are in the same dJJ:ecnafi

(ii) the minimum value of the resultant of the two vectorsc=a- - b, when'the tw

prmcxpal vectors are in the opposite d1rect10‘§
(iii) If the magnitude of the two vectorsis same and are in thelog
then ‘magnitude of their resultant becomes zero)

Work : R is the resultant vector of two vectors 3F and 3E. If the ﬁrst' vector

then the resultant also becomes double. Calculate the angle between the vectors.

Mathematical examples

1. The velocity of a rowing boat in favour of the current in a river is 18 km/hr
and against the current it is 6 km/hr. In which direction the boat is to be driven in

order to reach the other side of the river and what will be the velocity of the boat ?

Let the velocity of the current = # and

the velocity of rowing = v

Here, u + v = 18 kmh!

andv —u= 6kmh?!
by addition and subtraction we get,
v = 12 kmh-! and |
u = 6 kmh-!

Let us consider that the boat will reach
the other side of the river if it is driven with
velocity R at an angle o with the current.

Then the component of R along the
current is,

R cos90°=0=ucos 0° + v cos &

2 PR .
cosou=—= 2--c:oleO

or, a=120°
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el
ek Toce o pi ,5{) N and towards north by a
) the resultant force.
g M I i
 Here,
u.’rul‘j::-.' 50N )]

[ g 20N
{ lila.f.i bﬂiannydour .:;.-'
brs e ST =
"ri!'iui 6=y .
ﬂpﬁa’: iliw irod arj 1eAStenos au 1ol -
+ a: n 11 x9it o 10 abxa 19rl1o arki
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Maximum and minimum value of the resultant olymrszs Iesiismadis

Suppose two vectors. P and Q are acting sunultaneously at'a péii'it mak{ng_ o
angle 0. Now according to parallelogram law the magmtude of the resultant il L

el IRNW

R =VP2 + Q2+ 2PQ cos o A

-

From the above equation it is evident that R depends on the angle between P and

Q i.e., on c.

or, o =0°
Rimax) = VP2 + Q2 + 2PQ cos 0°
=+(P + Q)2
=P + Q) DY, %, A BE956)

Thus, when two vectors act along the same straight line then the magnitutle of
the resultant will be maximum. The magnitude will be the sum of the vectors. In
other words, we can say that magnitude of the resultant cannot be greeter than the

uTIoE ©'S
sum of the vectors.

P

(11) Minimum value of the resultant

°“'£:"— her.l.h“i't'i:nglﬁﬁ
~ = o i

R(mm) = ‘\[PZ + Q2+ 2PQ cos 180° ‘ |
=VP2+Q2—2PQ = iR N '7'"""""'!-{5"
(P Qp2=P ~ Q : |
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= e 3;}.{Iheammmum resultant of two forces is 10 N and the minimum resultant is
~ 4N; if the two forces act on a particle making an angle of 90° with each other, then
- whatis the magmtude of the resultant ?

: We know, Here,

. Rux=P+Q % Rpax = 10N
or, 10= P"‘Q (i) Rpin=4N
it Am_. Rmnin=P—Q o =90°
L B O i o S L R TR (ii) R=7?
' : Addmg equation (i) and equation (ii) we get,
2P=14N . P=1N=7N
n, subtrachng equation (i) from equation (ii) we get,

~ 20=6N . Q=3N .
R2 = P2 + Q2 + 2PQ cos 90° = P2 + Q2 [+ cos 90° = 0]
t ;rf% (7?2 +(3)2=49+9=58

3 §é & :';:'ia."."- s Tk i 1§ :
A .._.- d.i'—v’
5‘:‘%& Q are two. vectors and R is their resultant [Fig. 2°20].
W TP s 0 ~ Now, from the law of triangle, in AOAB
)" trianglee R=P +Q

ie., OB OA} +'AB

ol
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T S eo R Ty M-S VSRR (17
(ii) Associativelaw: (P +Q)+R= P +(Q+R) ,
Suppose P, Q and R are three vectors [Fig. 2-21], which have been represented by

AB, BC and CD lines respectively.
Now, join AC, BD and AD. Using the law of triangle

in AABC triangle, weget.g%: = Xﬁ - B—()Z = T’) -+ 6

In AACD triangle, we get, AD | =UAC£'GD D A T _c
4 =9 =
= (P + Q) + R (2.9)
Again, in ABCD triangle, (ox )
— ‘? —
SIHE HCDIGLR ¥l 2
and in AABD triangle, o
Tes
EG)D =X)B_+E%= f’)+ (8+'I?) (2.10) o
. From equations (2.9) and (2.10), we get, B
_}
(?+6)+ﬁ=f’} +(6+_1?) 4 ;
Fig. 221

This is the Associative law of vector addition. It means that vector addition
obeys associative law.

(iti) Distributive Iaw: m(P £ Q) =SB Eme

= 5
Suppose OA P and AB Q [F1g i2:22]
B Let us connect OB. Now from the law of tnangle.

ol OA+AB=OB=D + Q
Let us take two points C and D on the
Y = A >c extended lines of OA and OB so that &
P = — = A ) -
Fig. 222 OC'=mOA =mP and CD = mAB = mQ

Now, since AOAB and AOCD are right angle tnangles we get, - i
OC OD CD mQ f )y £ 1z brs novibhA
OA OB AB (_2) s AL 1 : F 10 anriseint 1o clod
=5 — Syl - 5 i i Yo BA e ot
OD =m OB =m(P + Q) (2:11)
Again, according to the law of triangle, 5 i) it B gl O
— - — - -
“OD = OC+CD-mP+mQ | _
m@B+Q)=mP+mQ .. - Tle Sk S "(212)
This is the distributive law. That means, vector addmon follows the dJsfnbuh
law. ” RS
, ST

W
i
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2'6 Vector addition and subtraction in terms of normal components

A vector quantity can be resolved by parallelogram law into two or more vectors in
different directions. The process of resolving a vector into two or more vectors is
called resolution of a vector or vector resolution. A vector quantity R can be resolved
into perpendicular components and vector addition and subtraction can be done with it.
Each resolving vector is called component of the original vector.

B Resolution into perpendicular components :

CA o — - o
Let R be the vector along OB, so that OB = R. Now
3 = p taking OB as diagonal let us draw the rectangle OABC
Q [Fig. 2'23]. Here the components P and Q are perpendicular
B L to each other, i,e., o+ = 90°
90 : :

o /)A <. sin (ot + B) = sin 90° = 1 and

O ;’ sin B = sin (90° — @) = cos a
Fig. 223 According to law of traingle of trigonometry we get

from the triangle OAB,

OA AB OB
sinf = sino ~ sin 90°

Brae' 15@ soeanR
cos @ sino sin 90°
. P=Rcosaa andQ=Rsina ... : (2.13)

~ The two components P and Q are called the perpendlcular components of the
tincipal vector R. P is called the horizontal component and Q is called tangential
mponent.

Vector form of the two components are—
?:Rcosa I +Rsina’
So, their vector addition,
R=P +Q=Recosai+Rsinai S (2.14)
and vector subtraction will be the vector subtraction of P and a
Addition and subtraction can be explained by the
help of three arms of a triangle. Suppose Tis acting along
‘ the arm AB of a triangle and 6 is acting along the arm
L BC [Fig. 2'24, solid lines]. Then their vector addition, R
=P + G can be represented by the third arm AC. LA
g?m ﬁ? and a are acting along BA and BC the i Bu= O
cti "'ojaﬂ;e,mtor ameaiiesR e oo ~Qeanbe

e
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Work : Look at the figure 225. The car is descending by standing off the engmeq&dy‘_ﬂ'le
weight of the car is active downward. Neglecting friction explam the tw?‘i:bmp‘é‘ﬁenﬁ
one along the inclined plane and the other along the perpendicular direction. © sl vd

Weight mg of the body acts vertically downward.
mg can be resolved into two components—one along
the inclined plane and the other one along the
perpendicular direction of the plane. The magnitudes of
the components, according to the figure, are mg cos 6
and mg sin 6 respectively. Here 0 is the angle of
inclination of the plane. mg cos 6 becomes balanced by
the normal reaction of the inclined plane. The car
descends only due to the force mg sin 8. Fig. 225

Example : A 30 N force is inclined at 60° angle with Y-axis. Calculate the
perpendicular components of the force along X and Y-axes and find their addition
and subtraction values.

Y Let force P = 30 N. Its components along X and Y-

1 axes are P, and P, respectively. According to the principle
of equal angle of vector we get
pi /o P, = P sin 60° = 30 x N = 15Y3 N
Py 600 o : 2
N 1 i
et P, = P cos 60° =30 x5 N=15N
© : :
P, X Their addition = P, + P, = (153 + 15) N
Fig. 2'26 =15 (V3 +1) N
and subtraction =P, — P, = (153 —15)N=15 (V3—1) N
Examples

1. Pulling of boat by a rope/Towing a boat : Let M be a boat. If at point O of the
boat a rope is tightly fastened and the boatis moving by the side of the river due to

pullmg italong OR by a force F Now at

point O the applied force F can be resolved
into components, viz., horizontal and
vertical components.

The horizontal component of the
force = F cos 8 and its direction is along
OA [Fig. 227].

The vertical component = F sin 6
and is acting along OB.

Fig. 2127 :
The horizontal component of the force F cos @ pulls the boat in the forward
direction and the vertical component of the force F sin 6 pulls the boat towards the edge
of the river. But by the rudder or helm of the boat vertical component F sin 8 is, repu]sed
The larger the length of the rope, the smaller is the value of 6; so smaller is the magnitude
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of F sin 8, larger is the value of F cos 8. As a result the boat will move fast in the
forward direction. i.e., if the rope of a tow is long then the boat will move fast. Again if
by fastening the rope at point P and the boat is pulled forward against the current with

a force F making an angle 8 with the horizontal and if the length of the rope is OP then—
(i) the boat will move relatively faster,

(ii) if the value of F sin 6 is less then the boat will move fast in the forward
direction,

(iii) if pulled by the rope OP then motion of the boat will be slower than pulling by
the rope OQ. This is because that length of OQ is longer and 8’ > 6.

Perceptional work : Why the handle of a trolley bag is made longer.

Example 2. Moving a Lawn Roller: When an object is either pulled or pushed on

a plane, a frictional force acts between the plane and the object. This retards the motion

of the object. The heavier the object, larger is the frictional force. A lawn roller is made

moving either by pushing or pulling .
© :

In case of pushing : Let the weight
In case of  of the roller be w
and the applied force on the handle

_}
of the rollerbe F.

In case of
pushing

_)
Let the force F act at O at angle 6
with the horizontal plane [Fig. 2'28(a)].

_)
w w Now, F can be resolved at O into two
(a) (b) normal components.
Fig. 2'28

The horizontal component of the force = F cos 6, which acts along OB in the
forward direction and the vertical component of the force = F sin 8, whose direction is
downward along OC. This increases the weight of the roller.

So, total weight of the roller is (W + R sin 8), which is more than the actual weight
of the roller. Consequently, the frictional force also increases. So, it is difficult to push
the roller.

—
In case of pulling : Let the weight of the roller be W and the applied force on the

- =
handle be F. The force F acts at O at an angle 6 along the horizontal line OB
[Fig. 2:28(b)]. This force can be resolved into two normal components. The horizontal

% - .
component of F is F cos 8. Due to its action the roller moves in the forward direction.

The vertical component of ? is F sin 8, which acts upward along OD. So the total
‘weight of the roller decreases. The weight of the roller is (W — F sin 8), which is less than

 the actual weight of the roller. The frictional force also decreases, so it becomes easier to
~ So, it can be said that, {fisleasier'to pull'alla
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Mathematical examples

1. In the figure below, determine the resultant
directions of 50 N and 100N.

50 N
60 N

70°

71‘.‘

of the forces alorlg the

» 100 N

50 N

Total force along the perpendicular direction of the forc
50 N =50 + 60 sin (90° + 70°) + 50 sin (180° + 30°)

= 4552 N
Total force along the horizontal direction of the force

100 N = 100 + 60 cos (90° + 70°) + 50 cos (180° + 30°)

=169
Their resultant (R ) is shown in the figure,
R2 = {(4552)%+ (1'69)%)
= 207492
R =4555N _ ;
2. The driver of a car moving with velocity of 40 km

e

4552N

per hour in the east saw a

truck moving in the north with velocity of 40Y3 km per hour. (a) what is the actual

velocity of the truck ? and (b) in which direction the truck

(a) Suppose, the truck is moving in the east makmg an
According to the law of triangle we get,

—
7'1- = VTC + V ‘B vC
V2=V 2 e VA 0 _
or, Vr =‘\}V2 +V2 N T‘
o . = > an
= (40Y3)?2 + (40)2 Ve
= \[40%(4) = 2 x 40 | |
= 80 kmh-1 )

is moving ? |
[R. B. 2011; Ch. B..2002]
angle of 30° with the north.

Fit el )

| Here,

actual velocity of the car,
=40 kmh1l

velocity of the truck with

respect to the car,
Ve = 40 V3 kmh (a0

actual velouty of the truck,
VT .}I;‘-r RECHY =1

o
Bt e
ww'? |
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Aamtanﬁ——:—=—=tan30°
(b) Ag 40V3 3

BE="230°
Ans. (a) Actual velocity of the truck is 80 kmh!and (b) At an angle of 30° in the east, .

Work : While flying a bird strikes air of the two sides by wings, but how the bird moves

While flying a bird strikes air by its wings. Hence a reaction force is created in the
opposite direction of the resultant force of the two wings. So, the bird flies in the
forward direction.

| Work : Why drops of rain wet the front glass of a moving carbutnot theback side glass? |

Let the velocity of the car be v and that of rain is «.

5 5 -
resultant velocity, vg = u + (— v) acts along OP,

-2 =
=L //l i ® e, acts along the direction of motion of the car [Fig. 2'29].
P T Here direction of relative velocity of rain with respect to the car
1 acts obliquely towards the front side. So, drops of rain wet

Fig. 229 glass of the front side, instead of the glass of the back side.

2.7 Resolution of vector in three dimensional co-ordinates

While expressing a vector quantity with its components we will consider resolution
only in three dimensional rectangular coordinates.

In three dimensional coordinate system a position vector can be expressed in the
following way which is considered as the resolution of the vector in three rectangular
coordinates.

_r? = ?x + ?y-i- ﬁz. Here position coordinate of P is (x, y, z ).

Proof : Let OX, OY and OZ be three 2
lines perpendicular to one another and Py
corresponding to X, Y and Z axes respectively /N
[Fig. 230]. The line OP represents, in this - g
system of axes, the vector 7 of magnitude 7.

Besides, let us consider that the co-
ordinate of the end point of P is (x, y, z) and A
.@";' ] aﬂd % are the unit vectors along the
sitive axes X, Y and Z respechvely Here
 is no __hotheplaneXYandthehne NQ ,

ma toOX [Fig. 230] - : Fig. 230

pl

TR T TR T

LT
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Now from Fig. 230 we get by vector addition rules,
— - —
OP =ON + NP and

— — —
ON =0Q + ON
— - —> -~
OP =0Q + QN + NP
= Neaw=—2 A
But, OQ =x1i, QN =y j
_>
NP =zié andCTi": r
_)
ro= x4 y? +zk ~ e (2615)

Here x, y and z are the components of vector 7 along X, Y and Z axes respectively

and 7 is the position vector in three dimensional co-ordinate. Equation (2.15) is the
required position vector.

Modulus of -: 2

From fig. 2'30, we get
OP2 = ON2 + NP2 and ON2 = OQ? + QN?2
OP2 = OQ? + QN2 + NP2

or, r2=x2+y2+22 :
r=\Vx2+y2+22 i 2i16)

_.,
Unit vector along or parallel to r :

—
The unit vector along or parallel to r is,

= n AL SN
A fni T _xz+1;;+zk (2:17)
NG+ Y2+ 22) i

Vector addition and subtraction of resolved normal components

If two or more vectors are resolved into normal components, then their addtion
and subtraction can be expressed by components in the following way.

(a) Determination of Vector Addition :

Let two vectors 7&} and _ﬁ which can be expressed with the help of normal
components as, '
_)

A =Ai+ AJ +AK

SR3Y B 398, 4 1P/ RIE

Here o it and B, By, B, indicate the magnitudes of the éémpénents of the
two vectors A and B respectively along X, Y and Z axes. .=

r'u‘_l’aw.s rirsi—i1v

I
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2 -g Now, adding AGanOiE we get,
Ko = e A + AR)+ (BT +B,] + Bk) _

= (A, + BT + (Ay+13y)? e (Y S O 5k )

X +? ﬁ and Ry, Ry and R; are the magmtudes of Ralong X, Y and Z

,;R-xﬁt-.-l--Ry;.-i.- Rz__k__.,,;_! Octie s 5 o i en2e1T)
3 e,syltaslt

"Bny Ay+By R,—A,+B
_. +T3)|-NIR31¢R132+R,, ity _
=\ (A,,+Bx)2+(Ay+By)2+(Az+ B,;)2
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Modulus of the resultant :
From equations (2.20) and (2.21) we get,

RJ.':A.Y—BI’ Ry=Ay_By| Rz= Az—'—Bz

2. = =
[R[=|A—B| ='\,(Ax'_Bx)2+(Ay_By)2+(Az_Bz)z
= YR2 + R + R;?

_)
Parallel unit vector 7 of R along R is
—_
R RI+RJ + R (A, —B)7 +(A,—B)] + (A,— Bk

|'f{)| VR2 + R2 + R2 VA, —B)2+ (A,— B, + (A,— B,

A
r

2-8 Multiplications of two vector quantities
Multiplications of two vector quantities are of two kinds, viz—
(i) Scalar product or Dot product
(ii) Vector product or Cross product
These two products or multiplications are discussed below separately.

2°'8°1 Scalar product or Dot product of vectors

The scalar product or dot product of two vectors is a scalar quantity equal to
the product of the magnitudes of the two vectors and the cosine of the angle between
them. It is expressed by inserting a dot (-) sign between the two vector q““'iiﬁeg?
and read as ‘first quantity dot second quantity’. So the other name of thls product lg
dot product.

The scalar quantity that is obtained due to the product of the two vector
quantities is called the scalar product of the two vectors.

Or, the product of the magnitudes of the two vectors when multiplied by their
cosine of the angle between them, then that product is called the scalar product or
dot product.

Explanation : Let T’) and a represent two vectors. Arrow marked straight lines
OA and OC indicate magnitude and direction of the two quantities [Fig. 2 31] 'Ihese are

inclined to each other at an angle c. T“) a indicates
their scalar or dot product and read as P dot Q.
According to the definition dot product of the two
vectors is, :

? a—l?lal cosa, mz2az20

P
P [~

-

or, 7. Q =PQcosa=QPcosa . (222) P
Here 0soasm : Hised
Pt e,
But Q cos @ is the component of 6 in the o R o
direction of P or projection of GonP and P ¢oBiciis o1 T0 S s ¥

the component of T in the direction of 8 [F1g D 31} oo 8 Fig oyt
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_ But P cos a is the component of P in the direction of 6 or normal projection of P
:} on 8

i So, scalar product of any two vectors means the product of the modulus or
i magnitude of a vector and component of the other vector in the direction of the first one
or projection of the other vector on the first vector.

It is seen from equation (2:22) that the product is a scalar quantity.

P o =Qx P cos a. Here, Q cos 0. = the
projection of Q along T and P cos a = the projection of P alonga i}

roduct’: Both force ¥ and displacement s are vector quantities

NGB P. 3 =PQcos a =P x Qcos

ctis done by taking the same vector twice,

L4

magnitude of that vector. =
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E’E’J

(iv) Angle between the two vectors, 0 = cos*l[ AB

(v) Scalar products of unit vectors of equal angles 7 .
{\A A AL ALA T ATATEARATEEASEA

.j=j.i=j.k=k.j=k.i=i.k=0
(vi) Scalar product of two vectors by componentsA TB) AB,+A,B, + A;B;

Work : A dlsplacement ri:=i(3 1 + 5 ] — k )m is PrOduced due to the apphcahj":h{"”-ﬂ
force ¥ =(57+ 3j +2k)Nonabody. = i
Hints : Work, W= E . 7 i to be determined. Grasie TReTon

Mathematical examples
1. Find the scalar product of the two vectors A= 97 + ? —6k and
Ti’.) —4i—6 ? +5k and also show that they are perpendicular to each other.
[J. B. 2011; B. B. 2009; D. B. 2004; R. B. 2001]
We know, if A.B-= 0 then the vector quantities will be perpendicular to each other.

- =
According to question, it is required that A . B = ABcos 8 =0

- 2
A.B=A;B,+AB,+A;B;

K Sacy A A A A 4B A
AN ST Cek) (4] =6 5k)
=9%x4+(1x—6)+(—6x%x5)
=186 —6=—380=10
As A.B =0,butA# 0 and B#0

cos 6 =0 = cos 90°
So the two vectors are perpendicular to each other

- 2. Determine the normal pm]echon of vector P 27 — 3] + k on 6 4] + S«k
I£ 6 is the angle between P and 3 then normal pm)echon of T” on 6 Q cos 9 94
We know, t5 6 PQ cos 6 _ Sy o

— - — = 4 283 elii ‘_'.'5.‘,:

Qeosg=F:0 PO Here,

% shinlE st eilisoe B O o ). (4,+5’k)
and | P =w!1=§+1=y+1’§ ' =2X 0+ (—3)x (4) + (1) X (5)
=N@2Z+ =32+ @2 . 0 s 2+S =T .5
m-ﬂ

. QcosH

ﬁ.l
=) ~J
S
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' _ ' - A A A - A A AL
bt 3. For what value of m the vectors A =2i +2j —2kand B =mi + 3j + 4k will
{ ' be perpendicular to each other ?
B We know, if two vectors are mutually perpendicular, then

| AB = AB cos 6 = AB cos 90° = 0

o RB=@i+2]—20.(m1+3] + 4k

_ o 4. If two arms of a tnangle are represented by P and _Q) then show that the

__ amofihetnangle——l?xal

U attio. 1~ 250 0

. Intremmgeasc, -7

&

.,;___,,mrl.uf“ 96 saluaiHe -fICA 6
5 anglebetvveen themm ) (see the F1g )
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Here 11 (eta) is a unit vector which represen@ l:he dlréltﬁ‘”o’iﬂ‘ '_; ‘
direction 1 is found from the right-handed screw rule. linibg
: .-:1*»{mn! '

£,

S
f R=PxQ :
- ;
Q [ /
A
na
o -
o T’) o €y irﬁ.
Fig.-2—'-32 2i v Huesy: 9vods sl I'E’S‘i%aa

TS E10S 2k < ﬂ
Right handed screw rule : By keel;xrslg a &%ﬁffmdv

contains the two vectors and if the first vector is

a!ong the smallest angle, then the dmectlon th'i:('li;ﬂ

According to the above rule the direc

that of 6 X ? will be downward [Fig. 2 35]
of the right handed screw will be a
Antxclockwxse-- dlrechon-- is considere
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. (b)Ifa =90° then ﬁ= l’) X 6 = ﬁ PQ sin 90° = PQ; in this case two vectors will
be mutually perpendicular to each other.

(c) If o = 180°, then R P x Q n PQ sin 180° = 0; in this case, two vectors will
be parallel and opposn-e to each other.

C SN B
_ Example : Let P and Q be the two vectors acting at
= TSR /* Omaking angle a. If P and Q are the adjacent sides of a "
2/ = = g
\NQL parallelogram, then OA = P and OC = Q [Fig. 2:36].
0 DE =, Ag o Now from point C we draw the normal CD on OA.
Fig. 236 ;-

-. Area of the parallelogram =0OA xCD = OA x OC sin a

=PQsina = | P x Q [
Conclusion : From the above result it is concluded that the area of a |

allelogram formed by two vectors as ad]acent sides is equal to the magnitude of
Bgrec?om’ 'le to f"l‘h )two vectors.
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(iv) Vector products of unit vectors of equal angles,

AT REREAT ST NS ATE AT AT

i xj=k, jxk=1i, kxi:;

N N N N N N N

j Xi=—k, kxj=—1i, 1xk=-—-]

(v) Vector product of two vectors by components
- = A A A
AxB-i(AB—ABx)+}'(AB —AB.)+ k (AB,— ABx)

(vi) Condition for vectors A Ti) ? to become coplanar is A (B X 8)

Work : In which case scalar and vector additions become same.

Scalars have magnitude only. So, scalar addition means only the addition of
magnitude. Similarly, if more than one vector are in the same direction, then by addition
the magnitude of vectors or, vector addition can be found. That means, this addition
will be equal to the scalar addition.

Inquiry : Can the resultant of two unequal vectors be zero 2, R te L ;:'.-5:‘-:_‘-'3‘-_4.-'

— —
Let P and Q be two vectors and angle between them =8
Magnitude of their resultant, R = VP2 + Q2 + 2PQ cos 6

When 6 = 180°, then R will be minimum. That means, Rpi,=P—Q

Now, it is seen that if P and Q are equal then R will be zero. But if P and Q are
unequal, then the minimum value of R cannot be zero. So, the resultant of two unequaly
vectors can never be zero.

Do yourself : If the angle between A and Blis 45°, ﬂtenfshowmatﬁﬁ“*ﬁi%ﬁlii_&)ﬁiﬁ?@

Mathematical examples

1 A= :'\—3}'\4- 5k and B=m1i + 6;'\— 10%. For what value of m the two
vectors will be parallel to each other ? [B. B. 2007 J. B. 2007]

We know 1f AxB =0, then vectors A and B wil be parallel to each other.
Here At X B = (6= 5 805k )x(mz +67 +10k)

N N A

== | i k 4 (30 — 30) — ](-— 0— 5m)+k(6 + 3m)
1 —3 5 | =7@0+5m)+k 6+ 3m)
mi6 0 —10

According to condition, X X f; = ? (10 + 5m) + ﬁ\: (6 +3m)=

Comparing the co-efficient of 7, ? k on both sides we get, 5 8 ALA0

10+5m =0 and 6+ 3m =0
or, 5m = —10 or, 3m =—6
10 6
m_ =—?—-—2 ve m _——'3—-—2

So, for m =—2, the vectors will be parallel to each other.
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=2?+ 3?:} 4k and Q = —'2;'\' + 7 + 3k, find a unit vector perpendicular
of P and Q. [J. B. 2009, 2006, 2004; Ch. B. 2008; C. B. 2008]

R REE (S 0) 2 (==7)2

v »

e TSt San & |
- —— o —— i _—

2ol sx temsiiishi

D vme=f bns A8 + 8 - -
Fasdio ey of lallerssg od Iliw e30i09

FaLe: 9 = ] B LS L AT TR s
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We know, T=7 x?
| = | lee i ackink xaxigyona’]
| ) s,
| 6 3 —3 |
IF-- =1 (—6+3)—](—6+6)+Fk(6—12)

| =—37 —6k
| 7 =— @37 + 68)N-m
magnitude of T = V(— 3)2+(—!5)2
=\9+36= \!—5
S Ans. —(3f+ 6£)N-m,\_lE

5. Find the area of a parallelogram whose diagonals ar =3

ﬁ=$—3?+4?€. i i N ZTGIESNY 99 ';f)ri‘lzra;'h 0 ﬁx

_lx |

We know, area of a parallelogram {20y m i
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 Weknow, .
i veiro Here
SBEOT s 50 U HHvicosio I o et
4 X sin o
_ 0 —————— v = 4 kmh™!
o EErs 2+4cosq S
B 4 sin o b=
-: " - : 5 o = e ——> — 7
" O 0 T dcos d . i
S 1 4 sin o
RO = o
- 0 2+4cosa

2 or, 2+4cosa=0
- or, 4cosa=—2
i Oor, Cost=—g5

o — 1202
That means, the swimmer is to swim makmg an angie of 120° with the current.

Pomhon ofa body is J.mportant

% I
}‘Jr 1./ %~
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Newton’s second law of motion can be expressed by differential equation in the

following way,
d?x
F(t)=m 72 |
Determination of work by variable force using integral calculus : Suppose, a
variable force is acting along x-axis on a body. Magnitude of the force depends on
distance x travelled by the body i.e., F is the function of distance x. In the figure a graph
has been plotted showing the variation of F(x) for different values of x.

Total displacement consists of equally
divided n number of exceedingly small displace-
ment Ax, where Ax is the displacement between
x; and x; + Ax. For this small change of T
displacement the magnitude of force is consi-
dered constant and the value of force is F;. So
work done by this force for this small segment
is, AW; = F;Ax Fig. 2'37

Similarly, second segment is extended between x; + Ax to x; + 2Ax and the small
displacement is Ax. For this small segment constant force is F;. So work done by the
force in the second segment is AW, = F, Ax. So, total work done by the force F(x) to
move the body from position x; to x¢is given by,

A =AW1 +AW2+&W3+ i3 +AWN

= FiAx + Fzﬁx+ F3AI+ ...+FNAI

F ~F(x)

0 xl' — Ax“_ xf X

24 SV i . (2.25)
K=1
When Ax becomes smaller and smaller, that means the value of N becomes very
large, calculated value of work done will be more correct. We can get correct value of
work done by the force F(x) if Ax approaches zero and N becomes infinity. Then correct
value will be,

N =
W=lm 3 FgAx : slind 93(206)
Ax— 0K=1 f ' FIITLS

But in the language of calculus the quantity lim Y, Fyx Ax is written as
Ax — 0K=1 & '

xf .
I F(x) dx , which indicates the integration between ¥; and Xf

Xi : : i agid
So, equation (226) becomes,

27 o S
w i ‘[ F(x) dx i : x . CEY I . -.-.. . lI l‘(2-2“‘73\;;4'
Xi ¥ B et ¥ [es s -Figﬂit-fj"i.?.’tg
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Numerically this quantity is the area subtended by the curved line of force and the
displacement between x; and xz. So, by integration work and area can be determined.

2-10 Vector calculus

Vector differentiation or vector derivatives

Before discussing vector differentiation or vector derivatives we need to know
some important matter.

(a) Calculus : In scientific language calculus is a discipline of calculating
continuously variable and exceedingly small fraction. In modern mathematics it is an
important branch.

Calculus is divided into two parts— (1) Differential calculus, (2) Integral calculus.

(b) Operator : Operator is an English term. It is a mathematical symbol or index. It

has no value of its own. For example, square, cube, root, sine, log etc. But when they act

on or be associated with other quantities then they carry fixed values. As for example,
32 =9, 33 = 27, 25 = 5, sin 30° = 0'5 etc. In other word (10 X ) symbol does not have
any value. But (10 x 5) has fixed value = 50. It means multiplication of 10 by 5. Now if
(10 x ) is designated by index C, then 10 x 5 = C5. So C is an operator. Integration is
also an operator. Its symbol is [ or 3.

‘Definition : The mathematical symbol or index by which one quantity can be
transformed into another quantity or can explain a variable quantity, then it is
called an operator.

Differentiation is an operator with respect to t. This operator is g? with respect to

el o
x itis 7=, with respect to y it is diy etc. The vector differention operator is designated by

symbol v (del) or V. Its other name is nabla. It is one type of mathematical representation.
It can be written in different components as,

rentiated; so-differentiation is

Diﬂ'erentiation of a vector s ;
Vector differential operator can be written by different components as—
d d ol fdn o d
dx’ dy e dy dz
dx dy . dz i H
can be written as 7, 7 y and h1ch become meaningful. Now, if y is a quantity
- whose value depends on x ie., operator y(x) of yx, then y can be differentiated with

% rtO x and we get 7 —1 Here g.‘[ is the rate of change of y with respect to x for

have no meamng But when they act on x, y, z then they

[ | ILLIE I L et

-----

gl y small change of x. It is also called differential of y with respect to x. Again,

|
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when the value of At approaches zero, then for exceedingly small change of x, rate of
change of x with respect to t is called the differential -g—:f That means,

A—)
lim -A—f—=
Au—0

Sk

NIV L s
Now, if x is written in components as,

=20 A ) : =2 ;
X = 1x1 + Jy1 + kz, here x4, y1, z; are the magnitudes of vector x respectively

N~ A
along X, Y and Z axes. Components x1, ¥;, z; are functions of t, but 7, j, k are constants

ek e
and do not change with time, i.e., their rate of change is zero. So, if x is expressed in its
components then its differentiation is,

—_
dx aAdxy nd Adz
F: 1 ml-'-}_&itl-‘.kd_tl 0 e e (2.28)

Derivation of velocity and acceleration from the position vector :

Let 7 bea position vector. Then
= A A A
r=ix+ jy+kz
- : £ At n =)
The rate of change of r for exceedingly small time is called velocity, v . So, ..

_)
;) dr ndx ndy  Adz

e e L (2.29)

Again, the rate of change of velocity v for exceedingly small time is called accelera-
—_
tion a.

_>
= _dv _dfdx\4 dfdy|s  dfdz|a
So, a =g _dt(dt) ¢ +dt[dt]l' +dt(dth
d2x n dyn d2z A
= *Ft%f +om k (2.30)

General rule for differentiation of a scalar quantity is as follows : £ 3

(a) Firstly, the co-efficient of the variable quantity is to be multiplied by the
power. _ :

(b) Then ‘1’ is to be subtracted from the power of the variable quantity.

Example : Let the distance, s = 16t2. Here 16 is the co-efficient, ¢ is the variable
quantity and 2 is the power. According to the above rule, firstly 16 is to be multiplied by
power 2 which gives 32 and subtraction of 1 from the power 2 of the variable quantity
gives 1. | % L= M) g =

ds . _ e -

i

Rt
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_ -acceleration can be obtained from the differentiation of a
. .":;: + y? +z ’J; ?

= \
n vector, 7 = x 7 +y? +zk
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—

3.IfA is vector of constant magnitude then show that ddt is perpendicular to

_}
A.
-3
| A | = constant
A . A = A? = constant
ad—t A.A)=0
—
- dA dA -
or, A- W+?.A,_O
dA dA
— -
or, 2A'W =0 or, 2T (A+ A)=0
)
So, the vector % remains perpendicular to the vector A.
Integration;

Suppose, a body is moving in a particular direction, i.e., it is moving along a
straight line. Although the direction of velocity is fixed, but its magnitude is varying. Let,
the magnitude of velocity v is dependent on time ¢. That means, v is the function of ¢. It
is indicated by v (). -

Let initial time be 4 and final time be
tg. We will find the distance travelled by the : A
body during this time interval. Let us divide rrrrf {3
the time interval tg — t5 into exceedingly - : - T rrr 1
small N number of equal section At. Suppose
the time interval from the initial time £4 to
first small section t5 + At is At. This time
interval is so small that we can consider that

R

the value of v(t) is almost constant. Let the ot t o deilits

constant value of v(t) be v. If the distance ot

travelled in time At is As; then we get, ) Fig.2:38 SR
Asy = v,At S

Similarly for the second, third sections time interval is At and thedistance
travelled will be respectively As; =v;At and As; = v3At. For the Nth section, distance
travelled is Asy = unAt. Now, distance travelled between the I:lme mterval tA and tg wﬂl

be the summation of Asy, Asy, AS3 ......... ASN. {71 301
So, _S—AS1+A.92+A53-+ v HASN =V 108 0 Iniinewiith yalaeV
or, s=0At +0At +uzAt + ... +UNAE T e I-OVES eudic] oisiego i
N SIS PenTIgs 9d yarn volsIege | -
or) s = RO UIAE s & R S
n=1 | - (31

= s
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Ak %’h It is tol be noted that here we have assumed that the value of velocity is constant
: mall time interval At. If the value of v would have been exactly constant, then we
uld get mo__re accurate value of distance from the equation 2'33. Now as the time
~ interval becomes small to smaller, value of v will be close to closer to the constant value.
- We can get the accurate value of distance if At tends to zero and number of sections N
~ becomes infinity. Then we can write,
e Ao ' N

& s =lim Y v,At
At—> 0 n=1
< N '
- In calculus, the quantity lim 2 is written as I o(t)dt.
At— 0 n=1 tA

;.;:;_. T A s

; Thequant:tyf v(t)dt indicates integration of v(t) from t, to tg with respect to f.
th

on a type of summahon, and the symbol ¥ or I indicates that summation or

o 2 (2.3;2)

egration alre opposuiaetoeach other For example, il o
o) ,] L1 1.,'_',-':.',-? I i}.

gl girft tA =i A L aoihss lisrme 123

dsidd mb:arcu 51163 9w 1arl liss

1313

i Al s ad | 16 il isian
" %SWWL '?.l'.. 28 30 3o i f.-‘}l-3‘5='-.'ﬁ',l"}_'




VECTORS

It has vector properties like ordinary vector. It acts on a quanugr nd ¢ q,eg esanew

quantity. - R
P e a0 KA g R4 (b i ) 8*‘ : ""-="'°*if :
But, V.V =(a_x i +@] +§k) (a i +3y] - ) (Lo dockbe =
”TJ’IJ ‘{f -'
= 8?:2 + aayzz + gzzz is a scalar quantity. Here 3‘1 ai!j + E?zmeans
partial differential. e

This operator is used to define the gradient of a scalar fu.nctmn. divergence of a :
vector function or curl of a vector Iunctlon A N | |

Scalar Field and Vector Field

B ¥ 7'1"};‘:

. eloc1ty electnc fleld grawtahonal ﬁelqgs\ _\

’ 1D S99 fm 411
examples of vector held

F (x, y,2) = ax?y ? + bx?yz? ? + _423;2 2 ind'i_ca_tes_ vgctp‘; @eld

_ Lme ml:egral If V(x, y, 2) is a vector ﬁeld then hne ral in a ¢
& Vv d [ ; here d I is an element of the closed path and its dire is a

of that element. . X (g & kb ﬁ Ay

Gradient of a scalar field - R } F5

Let @(x, v, z) indicate a d].fferent:a]:;le scalar ﬁeld%:ﬂmn . grac ent of @ is e

3 pey
as ch REER -‘-' w6 " zb
Hizid 10 ot 161892 & 7inbie 1':_ 0 noi J:\m"l 5 ‘jwv qt_: magﬂ)ﬁ’!q

. _)*;‘\r f ,Jaa a;. ] 3 (]
ie, grado=Vo = *5-;’ ' B; ¥ z) @ fa

(i) Gradien 1t of a scalar
asEnorsab i £

I‘)m ‘N}p {7 X | .rm

(it) Magmtude of that .
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i Lo 15 5 )

Mathema tical example

1. IfA 2x2 : + 3yz ; T k and @ = 2z — x3 y, then find A Vo at pomt
j(1 1 = bk
08 We.clmow;

ShES™
=) a N b p:)
Vo =(ax1+ay]+ )(7-2—-"33‘)
L e R
i A A A A A A A
Now, A. Vo =(2x2i +3yz j —xz2k).(—3x%y i —x3j +2k)

sl barsin = — 6x% — 3x3yz — 2xz2

asles )&tpomt (1.*1 1)

_zmgxigj:f_ Vo =6 ()= 30 @) (= )= 200 (= 11

—'—6+3 2=—5.

tai"am‘ab‘iﬁ

13 15 ;absﬁs:a_oaht_
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(iv) If the value is zero, then incoming and outgoing fl
“means;V.:Vo=10:[Fig. 2:39(c)] initg & 1o ‘nodosn mhsnr'..'

(v) If the divergence of a quantity becomes zero, i.e.,
field is called solenoidal. w V Brts VoD

I

In figure 2'39 below some dwergences of vector f

OE

ER
(a) positive divergence (b) negative divergence
F
e 2 "bioil 10bev 5 10 l'w'.') =
S0 mu*mgsm o A1 L@

Mathematical examples g 18

B D > _) RAER A fisa
1. Find the dxvergence of A = Z-hcyzgf + ixﬁy?ﬁm‘i"ﬁgz_
We get,

VR =[27+25:2k| Guni
. i +
I 101 1651991 '"."': axl ay' {54 !az e § ltlg.-'s Y}H‘ )
EETR Lemoodrrt r]mi_:‘)ﬂ
-Sx_/z3+2xy2—x3y22j ,.‘m
gPlotdaiino amio orftpnols

islugrns ard 3 O ax( )‘ﬂj-ray)(%xy@ Eﬁaz
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(200

-‘ector Curl represents the

Y

-y -:1 1 ‘ 9 :'."_. .-.i ".ﬁ. .
<« g&%g —_—
S By Y
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) 2 |

= [3'3-, (Byz%) + 52 (2x.3yz)2| i+
= (323 + 2x3y) 1 + (sz) ] +(— GnyZ) baﬁﬂ 1S

—(3z3+2x3y):+2xz]—6x2yzk rovid
At point (1, 1, — 1),

VXA =[3— 1)3 + 2(1)3 (1)1 ?-ap 2(1) (—- '1) '} =

(B1) 2, A = (6xy + 23) fik (3x2 — 2) ; + (szzr‘—'a*y):lm

lrrotatmnal
SWe know. vector A will be motauonal if V X A 0 =
31 ] Now s - _-_,_-,‘,d ¢ e i
=y Laangm S
RS ‘ ? _ /]s Ml
L x gy %

(6xy + 23) (312 —2z) (3xz2 — y )| *_
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j 0 ST R et

sy =t T
et €y g sosen

oy § =
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Higher efficiency mathematical examples

1. Tamal is gomg to school from home by cycle. All on a sudden, it starts
raining. Drops of rain start falling on him at 6 ms-. Flow of air was not significant.
Even then, drops of rain fall on him at an angle of 45°.

(a) Calculate the velocity at the cycle.

(b) If Tamal drives his cycle at double speed in order to reach school quickly
what angle he will have to hold an umbrella to protect himself from rain ?

(a) We know, Here,
tan 6 = —I;QCS)LQ here o = 90° velocity of rain, Q = 6 ms!
s U velocity of cycle =P
tan @ = — 25N 90° 0 = 45°
s Bt P + Q cos 90° E e
o w6/sin'902NNN6 20
or, tan45 " P+Qcos90° P
P=6ms!

Velocity of the cycle is 6 ms™!
(b) If the cycle is driven at double speed, then changed velocity,
P =(6x2)=12ms]
6 sin 90° 6 1
o N O11= o lhicos BRI 0

0 = 2657°
That is, he has to hold the umbrella at 26'57° angle.

2. In order to go directly to the opposite side of the river by a ferry that i
moving at a velocity of 15 kmh-1, Swapan noticed that the ferry, instead of goin
straight was moving obliquely. [Velocity of current =10 kmh]

(a) How many times is the maximum value of the P
resultant to that of the minimum. 15 kmh-! 6=90°
(b) Analyse the reason for changing the dlrectlon :\ e
of the ferry. _ .10 kmh-?
(a) We know, Here, '
Rinax =0+ Velocity of the ferry, v'= 151<mh
=15+10 Velocity of current, 1 = 10 k-1
= 25 kmh-! o or iRyl it SETuoieDs s
Again, Rpin =0 —u JOD Rmm
=15—10 =5 kmh-!
Bmax - _2..‘? =5 -
Rmin 5
= Rpax =5 Remin

i.e., Maximum value of the refsultant"-iS'S hmes the minimum value of the resultant.
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(b) Since there is current in the river, hence the ferry is to start obliquely in order to
reach directly opposite to the river.

Let the ferry need to start against the current at an angle o.

In that case, velocity of current, u = 10 kmh-1, velocity of the ferry, v = 15 kmh-!
and the direction of the resultant velocity along the direction of current will be 6 = 90°.

vsin o
Weknow, tan =—"—
. u+vcosa

vsin o
U+ 7vcosa

vsin o
U+ U CoSQ

or, tan 90° =
L

;] 0_
or, u+vcosa=0

u
Or, COSO=—=—=—=¢
v

or, o =13178°
Since, &> 90°, so the ferry had to start obliquely instead of starting directly.
3.

C

In order to cross a river having current whose width is 1'5 km Pintu decided to start
from point A to reach straight to the point B on the opposite side of the river by
swimming. The velocity of current in that river was 3 kmh-! and the velocity of the
swimmer was 4 kmh-1. Due to current Pintu although started along AB but reached
the opposite side along the line AC.

(a) Calculate the distance travelled along AC.

(b) By swimming along AD could Pintu reach the point B ? Give your opinion
with mathematical analysis.

(a) In the stimulus, AB = 1'5 km, by resolving AB along AC, we get,
AC sin 30° = AB

AL ‘.. d l'sta" -I'l' Ce: "-'n-avelléﬂ, AC = W ='-6;§= 3 km
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(b) Suppose, by starting against the current at an angle a Pintu would reach at
point B. Here velocity of the current, u = 3 kmh-! and velocity of the swimmer, v = 4 kmh-1
and the direction of the resultant velocity with the current = 90°.

We know,

v sin Q.
an S =—e
angy) u + v cos o

__vsina

1
or, g e
0 u+vcoso

or, u+vcosa=0

or, ?VCOsO=—uU

or, o =cos™! (-— %J = cos-1 (-— %] = 138'59°

Since the angle subtended along AD by the current was 150°; so by swimming
along AD Pintu would not be able to reach the point B. Hence Pintu would have to reach
the point B by swimming from the point A making an angle of 138'59° with the current.

4. A boat is moving with velocity 10 ms= in a river of width 36 m. By crossing
the river the boat reached at point C in the opposite side. Velocity of current in the

river is 3 ms™L [C. B. 2015]
B C
370 >’ |
36m "'Ub=i0ms”l > 14 . I,';; 4 :
37 I
A o, omst

(a) Calculate the distance BC on the opposite s:de of the river and how long -

will it take to cross the river ?

(b) What measure is to be taken by the boatman to reach the boat du'ectly to
the point B in the opposite side of the river ?

(a) component of velocity along the width of the river = p sm 37° = 10 sm 37° =
602 ms-!

'; hme taken to cross the river, t = (,dﬁ = g—g—z- = 5982 sec
' AB 36 ;
Accordmg to the ﬁgu.re sin 37° = AC-AC

: S6esm L -
Or.AC _=s—.£3—7a—5981m

L A

rirch b
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From the nght angled tnangle. ABC we get,
AC2 = AB? + BC?
or, BC2 = AC2— AB? = (59'81)2 — (36)*
or, BC2 = 22827318
BC =4777m
(b) In order to reach the boat directly to the opposite side at point B, angle

between the resultant velocity of the boat and current and the velocity of current should
be 6 = 90°. If the angle between the boat and current is o, then

We get,

o_ _ UpsSina
tan 90 " v, + UpCOS O

1 UpSin o

or ==
! 0 o, +v,cosa
wriniwe Uy +0p cos 0. = 0
:“i)?)";".t)’f‘f gy e fcgs o= = ?' 1
0 ) %

el TR s (IS T s P o A N
¥ m- d—ﬂﬁ ,a&i = COS'I U cos-l 3
SULT ~10
5nimms 10 vt ind _
[e1es § }= = COS'1 (— 03) = 107 45°

=l So, in order to reach du'ectly from A to B the boat is to travel at an angle of
- 107°45° along the dlrechon of current.

bz stisongo afl no, OF oy ,"'i
chtoﬂ;e de%hngtjion mf TS e
lus ? Show by == Tholeid -*'.”
gisad sl '1 ‘..,.“Vf sd —— 36 km™

. porm’b fme»foi'i:e.
, -‘_Jrl £0a

{"‘I ;J‘:.-.-\'a' £55.01 8
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(b) If the tension are equal, then total tension,

F+F=ma here,
i 1
or, 2F = ma =m X %251 s=vt +§at2
S Fo) sy
2 x 500 x 36 x 103 . : or, s = jat [Su=0]
PET —
t =27920 sec = 4'65 min =T

here t < 5 min
So, they will reach in time.

— -
6. In the figure |A |=5and B |=6

—) o) Y
(a) What is the magnitude of (A — B) ? 7
- - - - '
(b) The vector (A X B) is perpendicular to (A + B) =
—verify with mathematical analysis. [D. B. 2016] & X

(a) We know,

o T = —

A—-B=A+ (— B ) \bB

here, angle between A and B a =90 — 60° = 30°

|A | =5, |B |=6
Now, according to the law of parallelogram,

- = ,\/3 =) SIS
|IA—B| =VNY|AR+ |B2+2A | B|cosa
=52 +62+2x5x6cos30° =1063

(b) We know, if the scalar product of two vectors is zero, then the two vectors
become mutually p’erpendicular

So, scalarproductof (Ax B)and (A+ B) 1e 1.f (AXB) (A + B) is zero,
then the vector (A X B) will be perpendicular to (A + B)
A+B =Axi+ ij-i- Azk+ Bxi+ Byj+ sz
— (Ax+B)? + (A, +By) ] +(A,+B)k

AxB =| T j k
Ac Ay A
B E RSB
i L N , A '
=1 (AjB.—AB)) + ] (AB:—AB) +k (AB,—AB) . | .
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e _
—__:‘.‘.,:_ iy = pr, (A x B). (A + B) = (Asz — Asz)(Ax +B,) + (Asz o Asz)(Ay o By)
o . -+ (ABy—AB,) (A- + B,) =0 (Proved)

M@, 1,-2) (a) What is the angle of ¢ along the X-axis ?
N7 3) (b) Verify mathematically whether the vector
pérpendlcular to the two vectors B and C is in the
same plane with vector A or not. [C. B. 2016]

>X

: '_"toramakesanangleamthx-a)us then, | here, N (e
Cotshl & & 1 e ¢=7-27 +3k
:?+C3 41+4+9 ' B

Ligl

\":|‘h,.‘n

ot o 9008 | 855005 |
| %ﬁ,"?&&mx;a;x‘iT;-i'e;-:; ‘-:‘:%, ] = 23
mwﬁuhi&iﬁnﬂ Halsoe orfiyi ;4:::*” AaW w@
: mmwpq rf %‘L‘i urrrSQr'm)ed

Vi-la A
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Fosiogs & mugd mds
po~ 1+2}!

WIE AU amiis e hesin Wﬂf{g; vigvﬂ By

CBe6l -3] ﬁ-hz%iAOAhms i

(a) What is the value of @? o

(b) For what change in the value of o ;:mj
Give opinion with mathematical analysism‘

(a) We know, iE + (€S0 f}’lepe'!smﬂ‘{d v
X.§=ABCOSO! Ii
cosa=x§ oo () % .:.
AB e Wl
A= K [=yaramiits s
B=I§’l=wlm=-7,_é,b
ooy =

4
S €0s =777 = 0119048 5
3 x 7{1» pre I.:’I{) &= (}alﬂ )(*é >

= COS'1 (0 19048) 79 02"
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tlmulus is greater ? [Ch B. 2017]
armOA f’) : —2] —2

___a. ! ;’2 |

Soyee] j
—3. 2 ; .
4-3)— ?(2+2)+12(-3+4)
A)‘ 3 g L - :-z' £

BAOOT0 O 2

66 = 4062 sq unit
= Q'i #RI0) Fzon.= 0
hfwfi‘r.){(,wr gagiy J2ii) ori al (D
£ '°§lﬁao3\;:*;e048* |
qi S5y bt ot al

!
LAY

= R A
MR RAT -

Ay

MBS
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01'_ 90°—0= - 90° — 53° 5534 sabiand sathnasiz seiin¥d '{Ib :

] 1y baniton g2 I-__r{f J-rliny "d)o v,imlw" -

,t.*“ 15z boas dmadk 109

Agam. MOC and AOAB are equal ,. g 1 -
So, AAOB AOAC

b in r-!“r; Mew P&" .;' -‘-" :
¢ niey goilis) Yo yineisy tnsdlussy s ek
L 92— o ubutiids sl
[+] -
2—53 55 i } a0 a5 {1 t&J!intmsm

Smce 6,> 6, so angle 92 is g'reater thanangle 911* 1"6‘—‘)‘4 arti hf’ﬁ

Jegr dliiw m,.x 10 &
r\B'r( 2’

')'t ¢ ey
) o1k 5 '!, 10 gonlsv-'
(a) Calculate the magmtude of the vector connect '

(b) Will the triangle in the stimulus form equlan
analytically. :

(a) Here,
- A A
OA= 2i +3j +k
and OB = 47 +2?—3£ .3

SO

Weknow.gﬁ -6f3 ('}_)A
_(4; +2“**’
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11. In a rainy day Nafisa standing besides the window observed that rain was
pouring vertically at velocity of 6 kmh-'. Nafisa noticed that in the street a man was
walking at velocity of 4kmh-! and another person was moving in a cycle at velocity
of 8 kmh-. Their umbrellas were held at different angles.

(a) What is the resultant velocity of falling rain water with respect to the
walking person of the stimulus ?

(b) Analyse mathematically the observation of Nafisa that the umbrellas of the
walking person and the person in the cycle were not inclined in the same way.

LS [R. B. 2017]

() Suppose. the velocity of rain, # = 6 kmh! and the velocity of the walking
person, v = 4 kmh!

Relative velocity of rain with resPect to the person, v, = ?
Let, velocity of the drop of rain be % and that of

the cycle be 7. v v <
So,.if the velocity of the drop of rain with respect
to the cycle is v,, then it : 2 .
% -nasnxvqf:- = Nu? + 02+ 2uv cos 90" / i
= O @2 20@) cos 90° Ik
o S ERTET <
o @F(Tz}lhm,, | '

<- vsm90° _'14_sin90° ciade 4
u+vcos90° 6+4cos90° 6 0666667
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Summary
Vector quantity : A physical quantity which has both magnitude and direction is
called vector quantity or vector.
Scalar quantity : A physical quantity which has only magnitude but no direction is
called scalar quantity or scalar.

Unit vector : A vector of unit magnitude is called a unit vector.

Resultant and components : The addition of two or more vectors is called
resultant and each of these vectors is called component.

Position vector : When the position of a vector is uniquely specified with reference
to the origin of a reference frame that vector is called the position vector.

Null or zero vector : A vector whose magnitude or modulus is zero is called a null

or zero vector.
N

Rectangular unit vectors : In three dimensional coordinate system, unit vectors i,
A N

j and k along the respective X, Y and Z axes are called rectangular unit vectors.

Displacement vector : Distance travelled by a particle in linear or straight path or
in a particular direction is called displacement vector. '

Radius vector : The distance from the origin to a point is called radius vector.

Like vectors : Two vectors of same type but of different magnitude parallel to each

other and directed along the same direction are called like vectors.

Reciprocal vectors : If the magnitude of one of the two parallel vectors is reaprocal
of the other vector, then they are called reciprocal vectors.

Collinear vectors : If two or more vectors are directed along the same line or
parallel to one another, then the vectors are called collinear vectors.

Coplanar vectors : If two or more vectors lie on the same plane. then the vectors
are called coplanar vectors.

Scalar field : If the physical properhes associated with a field is scalar, then that
field is called scalar field.

Vector field : If the physical pr0perty associated with the field is a vector. then
that field is called vector field.

Resolution of a vector and components The process of resolvmg a vector into
two or more vectors is called resolution of a vector and each resolvmg vector is called
component of the original vector.

Triangle law : If two similar vectors acting at a point can be represented by two
consecutive sides of a triangle taken in order, then the t‘rurd s1de will give the resultant
vector in the reverse order.

Parallelogram law of addition : If two similar vectors acting sunultaneously ata

point can be represented both in magnitude and direction by two adjacent sides of a

parallelogram, then the diagonal from the point of intersection of these sides’ give the -
resultant vector both in magnitude and direction. It is ca]led the para]lelogramhlaw of

vector addition.
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Scalar or dot product : It is defined as the product of the magnitudes of the two
- -
vectors A and B and the cosine of their included angle.

Vector product or cross product : If the product of two vectors is a vector
quantity, then that product is called a vector or cross product. The magnitude of that
vector is the product of the magnitude of those vectors and the cosine of their included
angle. The direction of vector product is determined by the right-handed screw rule.

Operator : The mathematical symbol or index by which one quantity can be
transformed into another quantity or can explain a variable quantity, then it is called an
operator.

Divergence : In three dimensional space, if the position vector of a vector field in
region R is -‘\})(x. Y, z) = vy(x, v, 2) ? + vy(x, ¥, 2) ? + v3(x, Y, 2) ?E then the scalar product
of the operator V with ?f) is called the divergence of that vector field.

Curl : In three dimensional space, if the appropriate vector function of a point is

A A A

b
V(x,y,2)=v, i + v, j + 03 k, then a vector along the rotational axis is obtained by the

-
cross product of the operator V and V. This type of product is called curl.

Summary of the relavant topics for the answer of multiple choice questions '
S
1. A.B =0means—

- — - -
(a) A= 0 (b) B =0(c) A and B are mutually perpendicular.

2 f A (B X C) = 0 it mdlcates that the three vectors are coplanar. Maximum

- - - -
magmtude ofthe resultant ofA and B is A + B and ImnnnummagmtudeA — B.
= D
3. IfC AxBandD BxAthenanglebehveenCandDmlBO‘“

— - -
45575 1fr: -xz +y} +zkthenmagmtude0fV r will be 3. Magmtudeonz + 3} is

V13. Itis located in the XY plane makmg an angle of 90° with Z axis.

D Anglebetween A and 1ts unit vector (a) is 0°. If Q (x, y) = 3x%y, then at point
‘.(1 —-2) V = —121 + 3]

RRGET e
6. 'IfA"landB }+k &1enang1ebetweenAandB1390°If|A B| |A><B|

_, 'ﬂwnanglebehveenA and B is 45°. Ifanglebetween F and s. 6 = 90°, then the
C3 WOI'kdOIIEISZGIO |

ff Magmtudeofzx(]xkjlszero.thevalueof ]x( ] xk) is — k Normal vector on
3 1{H
P= 4:+ 3]153:-4]




10.

e

12;

13.

14.

115k

16.

17.

o
divergence olfavec__ltor.ﬁeld. soV.V = ‘—’ve; the ﬁgure@E is zero dlveEgm -
| A SR VIE IO | - - 158 S
| S0 V.V = 0. :_i:;.;ﬁux;
|
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If two vectors act at an angle of 45°, then their scalar and vector products become
equal.

A N A f‘\ A A
Parallel vector of X-axis is (i X j) X j. Length of the vector 3i + 2] + 4k in YZ
plane is V50.
Magnitude of the resultant of two vectors will be maximum when angle between
them is 0°.

B 4

|A ><A| =0.If Ax B -Othen A and B are parallel to each other. A and B
A A A

will be reciprocal, when 21 and B = 15 i . Direction of the vector i x j is

A
along k.

A A
If the diagonals of a parallelogram are 2i and 2j, then its area will be 2 square
unit. Gradient transforms a scalar function into vector quanhty

Normal projection of B along A is B cos 6. Angle between A pd B and ( A + B )

is 90°.
For two equal forces and for angle 60° between them, the square of the resultant

will be 3 times their magnitude.

P - Q + R = 0 can be expressed by the diagram & \L/

6 = 45°, then components v, and v, will be equal Energy and potential are scalar
quantity.

e 4 i I ’ . I 7 1 C
P song R
(a) here B cos 6 is normal component or projection of B along A.

B cos 0 A

(b) If the initial and end points of a vector are same, then the vector will be a null
vector. :

= . : »
P+Q= R is expersed by the ﬁgure 2 . If a vector whose magnitude is not

-

zero is divided by its magnifude, then unit vector is .obt.aihed., -Iile ﬁgure : 3 15

= - R
the divergence of a vector field, so V. V = ‘+'ve; @- the figure is the vector




L1 | (i
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S Camoed whmrhove =) B B
{ L - : 2 BxA ., [} SR = Tis =k
i 18. Figure of a normal unit vector n = ————is - If |Ax B | ="A7 B}
BV e Lo 0 v IBxA| 1| A
" p . thenanglebehweenﬂ-lem is 7 Intheﬁgure two ends of a rectangular
‘.t-.}-' "|J| T T
frame of wexght W is fastened by a thread and the mid point is
& attachedtoawaﬂ 'I'hen the value of W will be W = 2T cos 6.
-8 bne A o YW
£ "o e A . 8
R S0 Magrumde of the \'r’e‘ctdr‘i‘ + j + k wi]lb‘e"J— j X (j X k) = — k; If the three arms
. - o -
 Tal ofatnanglearerepresentedbyP Q Rmthesameorder thenP +Q +R=0.
= A —) A
i’ s 2\ gmAA = A2, thevector 1+ ] JslocatedmtheXYplane IfA 5i, B = -15- i, then
) = i Fe
I

_In this flgure vector R represents the magmtude and direction of the
g:i!- ic’ ") E"-—EJ" £111 15 L -

ctors will be parallel when A X B 0. In scalar and vector
=angle between the two vectors is 0° < B < 180°

SETET) S0 2tY

-()qql .Mh:u_g) !3._‘;"9 8 202 8 s394 4-: A Y o ) ol
1t10n V V =0 is the condition of solenoxdal i
ome equal. Gradient transforms a scalar

.“JJ 29

(i) act in the same direction
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Curl of a vector field is a vector quantity. If the curl of a vector is zero, then that is

irrotational.

N A 1 =2 =3 -
The vector 2i + 3 is.in the XY plane. If A =— 3 B vectors, then A and B are

— - - -
similar and act opposite to each other. If A =— B, then magnitude of A x B will

be zero.

A A
F1 3I 2}7 + 5k

=

3 R A AT
F = 2i + 3j — 5k

%
The magnitude of the resultant of the vectors F;

—
and F; is 11°22. If the length of the rope for pulling
is larger than T cos 0, the boat will move fast and
if the value of T sin 0 is less then the boat will

move faster in the forward direction. T sin 6 is
balanced by the helm of the boat.

EXERCISE

[ (A) Multiple choice questions |

U

Which two quantities are vectors ?

(a) kinetic energy, velocity

(b) electric potential, acceleration

(c) centripetal acceleration,
temperature

(d) electric field, force

Two vectors P and 6 are acting
parallel to each other. The two
vectors will be—

(i) coplanar vectors

(i) collinear vectors

(iii) mutually reciprocal vectors
Which of the followmg is correct ?
(a) i

(b) iand ii

(c) iand iii

(d) i, ii and iii

If the tail point and head point of a
vector is same, then the vector will
be—

(i) unit vector

(ii) null vector

(iii) position vector

Which of the following is correct ?

(a) i

(b) ii

(c) iil

(d) iiand iii

Direction of the rectangular unit

vector ? iS—

(i) along X-axis

(if) along Y-axis

(iii) an any direction

Which of the followmg is correct 2
(a) iandii :

(b) iiand iii

(c) iandiii

(d) i, ii and iii

If the angle between two vectors A
and B is @ and 7 is the unit{rector
along the direction of A then the

perpendicular pro]ectmn of ﬁ on A
ls._

(i) Acos6 s e
(ii) Bcose orcase 973 16 Iniee
(iii) B A

Which of the followmglscorrect"
(a) l » : ..-_ 'y

(b) ii prok ol ik
(c)) ianddis g e :
(A dandmie T




