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Introduction

Dynamics is a science relating motion. It deals with the motion and velocity,
acceleration, force and energy of a large body, e.g. aeroplane, train, car and a small
object like atom, electron etc. Dynamics establishes relation, investigates the nature of
motion created due to the application of force on a body. In order to express the
characteristics of motion of a moving body we need to know various terms relating
motion.

Before starting to play football, cricket, tennis we should have general knowledge
about how to start playing. Similarly at the beginning of learning dynamics a student
should learn about velocity, acceleration, laws of falling bodies, gravitation and will be
able to apply them in different graphs of motion.

After studying this chapter students will be able to—
explain inertial frame of reference.
explain absolute motion and relative motion.
use differentiation and integration in describing motion.
analyse graphs of position versus time and velocity versus time.
explain the motion of projectile.
explain the laws of falling bodies.
explain uniform circular motion.

3°1 Inertial frame

Displacement, velocity, acceleration etc. of a body moving along a straight line
may be explained by considering the motion along an axis of a coordinate system. In
order to describe any motion a frame of reference is needed with respect to which the
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motion is considered. If a body is in motion along x-axis, its displacement, velocity,
acceleration are respectively x, vy, a,. In this case it is seen that in order to know
appropriate condition of motion or to determine the position of a moving body, a
reference coordinate system is needed. This coordinate system is called reference frame.
Simplest and well known reference frame is the Cartesian coordinate system. By it
position of a particle is determined by three mutually perpendicular axes X, Y, Z.

When a butterfly enters in your study room you see it flying here and there inside
the room. Suppose the butterfly sits on the book shelf of your study room. Any corner of
the room may be considered as the origin and by measuring length, width and height by
a tape from that origin the position of the butterfly can be ascertained. Let the position
of the butterfly be determined by measuring from the corner the length of 5m, width of
3m and height of 2m. In this case the coordinate of the butterfly is (5, 3, 2). Again, if
you want to determine the position of the butterfly with reference to a point outside the
room, then reference system will be changed. In addition to Cartesian coordinate system
the position of the body can be determined by other methods. For example, spherical or
cylindrical coordinate system. That means, for describing the motion of a body the
coordinate system used in specific three dimensional space and in respect of which
the motion of the body is described is called reference frame. You can use earth
surface, planet, sun, any point etc as the reference frame. But always you will have to
fix them. Coordinate of a body may be fixed or may be varied with respect to time and
reference frame. :

If the coordinates of all the points of a body remain fixed with respect to time and
reference frame, then the state of that body is called rest. If the coordinate of any poin{
is changed with respect to time and reference frame then that state of the body is called
motion.

In order to identify the position of anything on the surface of the earth or in the
universe we need to fix a point. This point is called origin or reference point and by
comparing the position and condition of rest and motion of a body determined with
reference to a rigid body is called the reference frame.

If you want to express the posiﬁon of alelY
car standing on a bridge by reference frame, , |
then you will have to consider a coordinate
system. In figure 31, position of a car on a 3 7
bridge has been shown in two dimensional , {9_____ =
reference system considering distance OP along
X-axis and distance OQ along Y-axis with
reference to the origin O. In this case OP =x=2 + t
unit and OQ = y = 2 unit i.e., the coordinate of 34 &
this car, according to fig. 31 will be (2, 2). Fig. 31

1l

I S



L oW

=]
=l

136 PHYSICS—FIRST PAPER

When you sit on the dining table for taking food and see a hanging bulb above the
table, then what will you do to locate the position of the bulb ? Since the bulb is not on
the floor, nor on the wall, it is hanging, so you need to draw three straight lines OX, OY

z and OZ in order to locate the bulb. Here
a three dimensional reference frame has

Ul been formed with the origin and the

T sid g SnyE three axes. In fig. 32 the position of the

- '?V bulb has been indicated. According to

l : the figure OR = WT = x, OT =RW =y

ol<—Y Ez_,"r Y and OU = VW = z. Then the coordinate

. e o of the bulb will be (x, v, z). For determ-

i a0 Wiex ining relative rest and relative motion

/ EE n o reference point (or standard point) and

N R R e SiEa 78 3 reference frame (or standard frame) is
needed.

Fig. 372

(1) One dimensional reference frame : Suppose a particle is rhovi.ng along straight
line OX. The positions of the particle at different times is determined with respect to a
fixed point. This fixed point with respect to which the position of the particle is
‘determined is called reference point or index point. In the figure O has been taken as
the reference point. The straight line OX is called X-axis. One dimensional reference
frame has been formed with the reference point O and X-axis. By the help of this frame
the position of the particle at any time can be determined [Fig. 3'3].

? A
=
v
>

O - . X

Fig. 33
- Suppose the particle is at position A at a particular time. The distance of the
particle from the point O at that time = OA = x. If the particle is at rest, then x will have
only one value, but if it is in motion then x will have different values. Here x is called co-
ordinate. The position of the particle is determined by only one co-ordinate, so the
particle is located at one dimensional space. If position of different particles of a body
is de determined by one co-ordinate, the body is called one dimensional body.

'ghe p051t10n of a freely falling body at different times is different and can be

expressed by a single co-ordinate. The point from where the body starts falling is called
kB pomt and the path of its motmn will be considered X-axis.
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(2) Two dimensional reference frame : Suppose a particle is on a plane and let
the particle be in motion. So, its position will be different at different times. In order to
designate its position two mutually perpendicular straight lines are needed. OX
and QY in the figure are two such straight lines. These two lines have met at O. So, O is
the reference point or origin. Here OX is called X-axis and OY is called Y-axis. A frame
has been formed with this origin and the two axes. It is called two dimensional
reference frame [Fig. 3'4].

Let the particle be at position A ata Y
particular time. From A a normal AM is
drawn on OX and another normal AN is
drawn on OY. N A

So,OM=AN=x; AM=0ON =y.

Here the position of A is designated r
by two co-ordinates x and y. In other
words, A is a point whose co-ordinate is x

and y. Hence, if different particles of a o X
body have two co-ordinates, the body is O
called two dimensional body. Fig. 34

Let us join OA. If OA = r, there will be many points C, D, E, F etc on the plane
whose distance, from the point O, will be r.

Examples : A moving football in a field is in' motion in o/ difiensi
Thin paper, thin metal sheet etc. are twodlmens”iolfal;gbje@
(3) Three dimensional reference frame : Let a particle be situated in a room full
Zil's of air. In order to locate the position of the
S particle three mutually perpendicular
SSECA straight lines are needed. Let the three
straight lines be respectively OX, OY and
OZ. These three lines have intersected at
- point O. So, O is the origin or reference
point. Here OX is called X-axis, OY, the Y-
R axis and OZ, the Z-axis. The frame which
Q has been formed by the origin O and the
three axes is called three dimensional
reference frame [Fig. 3'5].

@)
-
e

Fig. 35
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Let the particle be at position A at a particular time. Let us draw a normal AQ
from A on the plane XY. Similarly, normal QR is drawn on OX and normal QT is drawn
on OY from the point Q. Hence,

OR=QT =x
OP=RQ=y

and OS=AQ=z

Here the co-ordinates of A has been designated by co-ordinates x, y and z. The
frame containing the origin O and the three co-ordinates is called the three dimensional
frame. If different particles of a body are located in this frame, then the body is
called three dimensional body.

Example: Table; chair, brick, stone etc: are three dimensional objects.

Do yourself : Two groups of boys are playing football in the field, again a butterfly is

flying inside your study room. Express these two events in reference frame system Wwill
the position of the football be different at different times ?

During playing football position of the football changes in a plane, so it is called
two dimensional coordinate system. On the other hand position of the butterfly in every
place is determined by three axes, so it occurs in three dimensional coordinate system.

3°'2 Absolute motion and relative motion

3°2'1 Absolute motion

When you go to college by walking through the road, you see many moving cars,
rickshaws, and many trees around you. In this case cars and rickshaws are in motion
whereas trees are at rest. Again when you see vacuum cleaner cleaning the floor then
distance and direction of every object around the cleaner change. That means with the
passage of time position of the cleaner changes. Here we say that the vacuum cleaner is
moving with respect to surroundings. When the position of an object changes with time
with respect to the surroundings then the object is said to be in motion. Whether a body
is in motion or at rest is understood with reference to a reference frame. For example if a
rickshaw is in motion with respect to a tree then the rickshaw is considered to be in
motion. Again if the rickshaw and the car move in the same direction with same velocity
then there will not be any change of distance between them. In this case one is considered
in motion with respect to the other. Again if two friends talk sitting face to face in an
‘aeroplane then with time there will not be any change of position between them. So it can
bp saxd that one is at rest with respect to the other. So it is seen that in order to
i e.whether a body is at rest or in motlon a reference ob]ect isneeded. =
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rest and any body is in motion then that motion is called absolute motion. Whatever
we see in the universe, viz. moon, planet, satellite, earth all these are moving around the
sun. So it can be said that all objects on earth are not at rest—all bodies are in motion.
When we try to know whether a body is at rest or in motion then we consider it with
respect to a body apparently at rest. It can be said “all rests in this universe are
relative and all motions are relative. No motion is absolute, nor absolute any rest.”

Observe the following examples and see how positions of objects change with
time.

(a) Standing on the platform Raju observes that a train moves away crossing him
[Fig. 3°6]. So the train is in motion with respect to Raju.

In this case distance between Raju and the train is changing with time. Does it
mean that the train is not in absolute motion ? Although the train is in motion with respect
to Raju but the earth itself rotates round the sun, so the earth can never be considered at

Fig. 36

absolute rest. In this case motion of the train is not absolute motion. Similarly, you think
motion of different bodies on earth and try to understand absolute rest and absolute
motion. -

(b) Scientists have collected enough information about the rotation of the earth
around the sun. That means, can’t the motion of the train be determined by determining
the motion of the rest ? But the sun is also not at rest. The whole universe is moving with
tremendous speed through the galaxy. Again galaxies are in motion relative to one
another. Actually all bodies in the universe are in motion. So it is unpossible to detenmne
absolute motion. Hence it can be said, rest or motion of a body is always relati ive,
3'2°2 Relative motion and reference frame

In this universe, so far we know, no body is stationary; that means, we do not
know what is absolute rest. A body is stationary or in motion we understand whether
that body is statonary or in motion with respect to a body. For example, an observer
standing by the side of a road will think that a passenger in a moving train is moving. On
the other hand, a pasenger in a moving train will think a tree standing by the side of
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road is moving in the opposite direction of the train. Again, two passengers in two
different trains moving with same velocity in the same direction will think that both of
them are stationary. But a passenger in a train will think that a passenger in a train
moving in the opposite direction is moving faster. All these are relative. That means, all
rests and motions are relative rests and relative motions respectively.

WmDMIem:detemune the position of a body without the help of another
. This other body is called index body or index frame.

3°3 Preliminary idea of differentiation and integration to describe
‘motion

3°3°1 Differentiation
Suppose a quantity is dependent on another quantity, then in mathematical

language this dependent quantity becomes function of the other quantity.
If quantity y is dependent on x, then y is function of x.
ie.,y=f(x) (3.1)
J Again, for exceedingly small change of y 1f the small change of x is Ax, then for the
small change of y and x we can write,
y+Ay =f(Ax +x) (3.2)
| or, Ay=f(Ax+x)—
or, Ay=f(Ax+x)—f(x) (3.3)
%%J(A”g_ﬂx) )

Ay . :
Here Z-z is the rate of change of y with respect to x for the above mentioned small

change. When the value of Ax tends to zero, then equation (3.4) can be written as,

| bk T B Q_y__Lt f(x+Ax)—f(x)
Ax— 0Ax ~ Ax— 0 Ax e (010)
| dy Lt fx+Ax)—f(x)
If St OI'. SAdr Ax—r(} . Ax (3.6)
__! !:",' Hé'ré % is the rate of change of y with respect to x for the exceedingly small

Ci'li{‘i e ¢ lf x and —E I.S called d1fferent1a1 co-efficient of y with respect to x and the

SREIR T

of detemurung the value of —1 is called differentiation. For descnbmg motion
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Suppose you are going with your friend in a motor cycle from Newmarket to
Motijheel. While going you may notice that the motor cycle is not moving with same
speed. Sometimes, it is moving slow, sometimes fast. Sometimes it is stopped by
applying brake. So, the motion of the motor cycle is not uniform. But if you are asked to
determine the speed of the motor cycle, then by dividing the total distance between
Newmarket and Motijheel and time of travel you will find the speed. In this case this

speed will mean average speed. That means, change of two positions with respect to

: s : Ax
time will give speed v, i.e., v =" "

AX . ; : :
-A-J-;— is called the rate of change of x with respect to time for the above mentioned

change or speed. Again, if the value of time is exceedingly small, then the speed for that
time is the instantaneous speed. In this case this speed can be expressed by

differentiation, i.e., if At — 0, the fixed value of %% is obtained, then that limiting

value k: =0 % is called rate of change of function x(f) with respect to ¢ or differential
co-efficient or instantaneous speed.

Let the path of motion of a particle be AD and at a point B on this path speed is
to be determined. Let at time t position of the particle is B and at time ¢ + At the

position is C [Fig. 3'7].

In this case, distance between B and C
is Ax and time interval is At. Then the value

of speed, v = % . In the language of differ-

entiation, this variation of x with respect At <
tl t— tz

to t is the magnitude of speed.

Fig. 37
h Again, for the change At of £, the small Ay
B can be expressed graphically [Fig. 3'8]. In this
case if Ay thatis At is exceedingly small, then
f g i % will indicate the slope of the straight line.
R At LR
A “ At 0 A = Slope
: X dy
o 2 or, 7= slope

Fig. 38
That means, by determining the slope from displacement (y) versus time (t) graph
velocity can be determined from the change of displacement with change of time.
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3’3’2 Integration

Suppose the length of a rod is x and the rod is divided into innumerable equal
segments. Length of one of these segments = dx. If we add all these small segments we
can find the length x of the entire rod.

2dx ='x ceei - 1(B78)
dx dx dx
S e B e e dE )
AI | R B BN Bl = A U =1 T

< x 5

Fig. 3110
Here symbol ¥, expresses integration.
Equation (3'8) can be written in the following way
Idx °5 o310
‘[ symbol also indicates integration. It is seen from this equation that integral value
of dx is equal to x. So, we can say that integration is a form of summation. In order to
bring equality in both sides of the above equation a constant of integration ¢ is added and

written as Id;x =x+cC.
Again, let integral value of a function f(t) be I f(tdt = A(x)

Then f(t) is called the integral quantity. dt after f (t) indicates that the integration
is to be done with respect to t. It is called variable.

1. Application of integration in some cases
. General mtegrahon of vector quantity is similar to scalar quantity. Let the
vector A(t) = 1 AL(t) + } Ay(t) + k A,(t) be integral of a scalar variable ¢, then

[R (tyae="1] auyae+ 5] afae+ k[ A at.

—_
It is called the indefinite integral of A ().
® Inmany cases integration is opposite to differentiation; for example—

COs x dx = sin x

ds,..
E(smx)mcosx

i.e., if sin x is differentiated we get cos x and if dy
cos x is integrated we get sin x. :
x
® If a rectangle consists of innumerable

elements of length x and width dy [Fig. 3'11] then area < y—>

of the rectangle will be, | xdy =x ) dy = xy Fig. 311

y . il
® If limit of width is mentioned, thenarea=f xdy=xLy]:=x(y—0)'=:xy '
0 Wi B =Tl Ty
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2. Application of integration in case of velocity

While calculating velocity of a moving body we divide displacement by total time
and get velocity. This velocity is nothing but average velocity. Because, while moving at
one time motion of the body is uniform and in other time it is non-uniform. So, if the
moving path is divided into innumerable width or elements and each of these elements
dx is divided by the time dt taken to travel this distance (element), then we can
determine velocity for this element. Then if we integrate this velocity dv for the entire
path we get actual velocity. It is shown below by integration :

: dx
For the element dx, velocity, dv = T

Again for the entire path, velocity = _[ dv=v+c e (0310)

If the magnitude of the velocity is definite, then by solving the above integration
within that limit we get actual velocity. For example, if the magnitude of velocity isv = v
from v = 0, then by integrating equation (3.10) total velocity is obtained.

In this case, total velocity = jv dv = [v]: =(@v—0)=
0

So, it can be said that summation of very small elements is integration. By a real
example we can get the idea. For example, a person when reads news in front of the
camera of the TV studio, then his picture is divided into innumerable elements, again
when it reaches on the screen then those elements of the picture get united and
transforms into full picture. In this case, formation of very small elements of the picture
is differentiation and the process of unification of these small elements on the TV screen
is integration.

R

Yol

3 4Diﬁerent quantities related to motion

antity which is obtained by dividing the total
. " placement is fcallédxavemge velocity.

g Explanahon Let total dlsplacement ofa body be A7 in time interval of At.

Average veloaty 7 = AA:

If the motion is one dimensional and if the body is in motion along X-axis, then
there ensts onlx one component of veloaty The component will be—

_Ax 6-—___'_; ' [ monednnenmonalreference.?"ﬂ]

A " ol = L NETD R

I e

is call c:ty or snmpw
means th % vploaty of a body at a particular time. In
glgaiy a i)ody, at an instant, it is essential to know
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the velocity just before and just after that instant. This time interval must be exceedingly
small (almost zero).

That means, when time interval tends to zero, rate of change of displacement for
that time interval is called instantaneous velocity.

=% —
4 . 7Y UG AVEAX dx
0, instantaneous one dimensional velocity, v, =At ¢ Af = e

From the above discussion instantaneous velocity or velocity may be defined as :

If the time interval tends to zero, limiting value of the velocity is called
instantaneous velocity or velocity.

(3) Mean velocity : If the initial and final directions of a moving body remain’
same then half of their summation is called mean velocity.

Suppose, initial velocity of a body in a particular direction is v and final velocity

U+
2 J

(4) Relative velocity : Generally, by the velocity of a body we understand its
velocity with respect to earth. Again we can also find the velocity of a body A with
respect to another body B which is in motion on earth. It is called the relative velocity of
the body A with respect to the body B. In this case, relative velocity of a body with
reference to another body is equal to the vector difference of the two velocities i.e.,
relative velocity of a body with reference to another body in motion on the earth’s
surface is equal to the vector difference of the two velocities.

Suppose the velocities of two bodies A and B are respectively v, and vg, then
relative velocity of A with respect to B is

Mean velocity =

UAB=Up — Up (311)
Again, relative velocity of B with respect to A is,

Upa = U — Ua = — (VA — UB)

UBA = — UAB . > S (8E19)

Example (a) : Look at the figures below. In the first figure two cars are moving in
the same direction [Fig. 3'12(a)] and in the second figure they are moving opposite to each

tﬁ# tﬁ A
70 km/h —— 70km/h
# 50 km/h ~ 50km/h B‘. # 1l

(a) | ) ()
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other [Fig. 3'12(b)]. How will you determine the relative velocity between them ? Here, in
case of two parallel linear motion the following two motions are to be considered for

determining relative velocity.

@ Motion in same direction : When two bodies move in the same direction along a
straight line, then the relative velocity of A with respect to B will be equal to the
difference of the two velocities.

That is, vap = A — Vs, if vz > vg, then the direction of v, will be along the
direction of v4. So looking from B the body A will appear moving in the forward
direction with velocity vap. Again, if it is seen from A the body B will appear to be
moving backward with velocity. vgs (= — vag) as direction of vy is opposite to vag.

@ Motion in opposite direction : If two bodies start moving opposite to each other
and if the velocity v, of the body A is considered positive, then velocity vg of the body
B is to be taken as negative. Here the relative velocity of A with respect to B will be,
UAB=UA — (— UB) =04 + Up, if Up > Up.

So, looking from the body B it will appear that the body A is approaching towards
or moving away from B with velocity vag. Since vpp = — vg — vs = — (vp + Va), SO
looking from the body A it will appear that the body B is approaching with velocity
Upa (= — vag) towards A or moving away from it.

Example (b) : Suppose a person from one side of a river at point O wants to go by
boat exactly to the opposite side of the river at point P, then the person is to row the
- boat in the direction ON [Fig. 3'13].




DYNAMICS 147

Conclusions : Following conclusions may be drawn from the above examples :

(1) If two bodies move in the same direction, then by subtracting their velocities
relative velocity can be obtained.

(2) If two bodies move in the opposite direction, then the relative velocity is
obtained by adding the two velocities.

(5) Uniform velocity : If the velocity always remains constant then the velocity
is called uniform velocity.

If magnitude and direction of the force applied on a body is constant, then’
velocity also remains constant. This velocity of the body is the uniform velocity,

Examples : Velocity of sound, velocity of light etc.

Explanation : In fig. 3'14(a), position of a moving body along a straight line has
been shown by five successive points with 1 second interval. Here the distance between
two successive points is 025 m. According to motion the body is travelling 025 m in

every second in the same direction and travelling same path in the same interval of
time. So, the velocity of the body is uniform velocity and

the magnitude of that uniform velocity is 025 ms-1. In fig. & 100 7
3'14(b), uniform velocity has been shown by a graph of & 075 -
displacement versus time. g 050 4
& 025 -

025m  025m  025m 025m 0'25m e 0 =

[ @ @ @ @ ®
1s 1s 1s 1s 1s 1.2 3 4
time, sec
Fig. 314 (a) Fig. 314 (b)

A body has uniform velocity of 5 ms~1. It means that in a particular direction
the body travels 5 m in every second.

(6) Variable velocity : If the velocity of a body is different at different times
then that velocity is called variable velocity. So if the magnitude or direction or both
of rate of change of displacement with time changes then that rate of change of
displacement is called variable velocity.

Explanation : Let a body travel 5 m in the first second, 8 m in the second secozfd
and 7 m in the third second in a particular direction [Fig.315(a)]. Here the bodyis
not travelling the same distance in the same interval of time. o '
So this velocity is variable velocity. The graph of variable i ]

velocity is shown in fig. 3'15(b). g 8
3 47
5m 8m 7m : . q T "-.I T
® e @ ® 30 132 344
First sec Second sec Third sec time, sec
Fig. 315 (b)

Fig. 3'15 (a)
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(7) Instantaneous acceleration or acceleration : If the time interval approaches
zero, the rate of change of velocity with time of a body is called the instantaneous
acceleration or simply acceleration.

Explanation : Let the change of velocity at exceedingly small time interval At be
A . Then instantaneous acceleration is obtained by dividing AD by the exceedingly
small time during which change of velocity has taken place.

: 1 > _Lt Av _do
So, instantaneous acceleration or acceleration, a = ,, .4 A=t

Hence, instantaneous accelerations may be defined as follows :

If the time interval tends to zero, the limiting value of average acceleration is
equal to the acceleration.
dv
dt

The magnitude of acceleration is, a =

Fei'pendlcular dn'et_:tlo_n of the v_e_locxty of the body at that point:

(8) Kinds of acceleration : Acceleration is divided into two kinds, viz.—(a) Uniform
acceleration and (b) Variable acceleration.

(a) Uniform acceleration : If the acceleration always remains constant, then
that acceleration is called uniform acceleration.

The acceleration of a freely falling body due to the action of gravitation is uniform
acceleration. Equal force acts on a body of uniform acceleration. Both the magnitude and
direction of uniform acceleration remain constant.

In fig. 3'16(a), uniform acceleration is shown by successive change of velocity with
time along a straight line. In fig. 3'16(b) uniform acceleration has been shown by a graph.
Here the value of uniform acceleration is 2 ms=2. In case of uniform acceleration the graph
isa stralght line and the slope becomes constant.

m/ acceleration of a'body is 10 ms-2 means that the velocity of the;

I-,.t-._,-i

he n . r

ody -ﬂﬂ’ nges in every second by 10 ms~ in the same direction.
L 167 '
|E o
5099
. _ g 47
s 5@3"‘1 © 7ms™! 9 ms—? E o T———
3 s | 1s 1 . 2 3 4
(a) Uniform acceleration ®) Un'li}:‘r:-: :f:'c:eleral:ion
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(b) Variable acceleration : When the acceleration of a body changes with time,
the acceleration is called variable acceleration.

Variable acceleration can be produced due to the change of magnitude and
direction or magnitude or direction of acceleration. The acceleration of bus, train, car etc
are examples of variable acceleration.

In fig. 3'17(a) and 3'17(b) variable accelerations have been shown by straight line
and graph respectively. The slope is different at different points of the graph.

o 16
g 12 -
2 81
8 41
5ms™’ 7ms™} 10ms™ > Tows ol
& P L - @ = 142232 4
1s 1s Time, sec
(a) Variable acceleration (b) Variable acceleration
Fig- 317

Work : Average velocxty of a body iS Zero but can the average speed of that bgg
zero.? explain. : : e e

If the body starting from a point returns to that pomt then its dlsplacement will be

total dlsplacement
Stltne In this case, as the total displacement

is zero, hence average velocity will be zero.

total distance travelled
. total time

zero. Now average velocity =

Again, we know, average speed =

In this case traversed distance is not zero, hence average speed will not be zero.
So, although avarage velocity is zero, but average speed is not zero.

Do yourself : Veloaty of a body _1s zero but acceleggt;onm not zero—is it possibl
explain. s S FRR I R R OO R

3’5 Derivation of equations of motion using differentiation and integration

In the previous section, we have discussed quantities like distance, displacement,
velocity, acceleration etc. These quantities are related to each other which are expressed
by some equations. These equations are called equations of motion. With the help of
dlfferenhahon and mtegrauon these equatxons of motion are derived below.

Let an ob]ect move in a particular direction with uniform velomty
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- Suppose, the uniform velocity of the body = v
the initial displacement of the body = 0
distance travelled at time t sec = s
If distance travelled at exceedingly small time dt sec is ds then distance travelled at
t +dtsec=s+ds
Now, dt being exceedingly small, from the definition of velocity, we get
ds
T dt
or, ds=vdt s (3.13)
when ¢t =0, thens-—Oandwhent-t thens=s
So integrating equation (3.13) within the above limits, we get

t t
rds = I vdt = v I dt [ vis constant]
0

or, s=uXxt : 5 (3.14)

When the body is in motion along X—ax1s and at the start of motion when ¢ =0,
then x = xo and when ¢ = t, then s = x and velocity becomes v = v, [Fig. 3'18], then
integrating the equation (3'13) within the above limit we get,

[ %o —>}« t | At .
@ & % ® r ds = v, ,[ dt
o P Q R
P’ : >l or, [sI = v, [t];
fe x > [«—Ax—| S
; O, X —Xq=70t
Fig. 3’18

O 1 G=X0iti0:brs - w2 i (315)
tion relating final velocity, acceleration and time (v=v, +at

5 s

up dy is moving in a direction with initial velocity vy and with uniform

t i'acceleratlon ? _ =
5? Let the Velouly in exceedingly small time dt be increased from v to v + dv [Flg
B 3t 19]"“1'11211 according to the definition of accelerahon. we get
;}J’ oiinT )'&ﬁh-—gz | G ; -l
=1 NSO ' : . i

i SR - qr. Hdv = adt (3.16)

,10 q;._Ngw.,when t= 0 ﬂien v=vgand t = t thenv=v
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So, integrating equation (3.18) within this limit, we get,

il t
J. do = J‘ adt
vg 0

or, [v ]:,0 =halie] [~ a is constant]
or, U —0p= at )
or, v=vy+at (3.17)
If the body moves with uniform retardatlon : ;
then retardation = — acceleration = — a and in that case
v =v9— at (3.18)
In case of a body moving with umform acceleratlon starting from rest, 99 =0, a =

constant. In that case v = constant X t or v = t. That means, for a body moving with
uniform acceleration starting from rest velocity is proportional to time.

[N. B. For one dimensional motion, say motion along X-axis, if we consider vy = vy, 0 = 0,
and a = a,, we get from equation (3.17),

Uy = Uyg + Ayt (3.19)

Similarly the equation (3.18) will be changed. In case of motion along Y or Z instead of x
respectively y or z is to be used.]

(c) Equation of motion relating pos:hon or dnsplactni” . acce

hmes-vot+% at® or,x =xy +0, t+ a’x@

Suppose, a particle at initial velocity vg is moving in a particular direction with
uniform acceleration a.

The particle aquires velocity v after ' v+do
time ¢ traversing a distance s and in the 7, ¢ v dt l
same direction after moving a distance ds O > —O = O
in excedingly small time dt acquires !: s ;! :
veloci ig. 3’ ' i

ocity v + dv [Fig. 320] Fig. 320
Now, according to the definition of instantaneous acceletauon we get
dv
a Tad dt L - - - . -
or, dv=adt iy o5 (3 20)

When t'= 0, then v = vy and when t—t then’ veloclt-y v =0. Wlthm thls limit
integrating both sides of the equation(3:20), we get;. ) fciETs &

I do = Jadt :
20 0 ir Bs oty isni § ot viBo Tns
. :
[0], = a [t] LEL ¥ 0 = 2 28 et o weo
cor, v—yy=a(t-0) . dizoq leitin 5dl 150 =4 on 5 el
or, v=vo+at - Whis £ 530008 ek

3t il
Ly i - 1
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Again, accdrding to the definition of instantaneous velocity, -

| ,ds
| dt
or, ds=vdt
or, ds = (vg+at)dt [using equation 3.21]
or, ds = vodt + atdt O (3122)

Agam, when t = 0 at the start of counting, s = 0 and after time ¢, s = s; within this
limit, by integrating both sides of the equation (3.22) we get,

I sds = I _tv_o_dt + ,f ‘atdt

or, Ids vy ,[dt+aftdt

[9] =g [t]O +a [2]0

BB 202
or, s—0)=vg(t—0)+a Ty
Vel <At Ers gy 1 2 > i
U5 .Or, ‘s=-vot-+5at : : NIRRE (3523

Agam. if the body is in motion from rest with uniform acceleration, then we get,
3 s=0xt++ at2

or, s=0+%at2

: -l 2\
= CEREAT ) o 5-2at

I_fq__ p— — . p— ._ - 1
_ or, s = constant X #2 [ 5a= constant}

o or, §e<t?
That means,

(-axis and at time ¢ = 0 the initial velocity = v,,, and at
=9 and a, is uniform acceleration, then equation (3 23).

it s e s I3 ]

N =15 .30
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In that case,

§=X—X0= Uyt + %—axtz

or, X =X +Uxt + %—n_‘.tz (3.24)

If the body, instead of moving with uniform acceleration 2, moves with uniform
retardation a, then

retardation = —acceleration = —a, from equation (3.24) we get,

s = vt —%atz (3.25)

Suppose a body is moving along X-axis with uniform acceleration 4, and at the
start of counting i.e., at t = 0 initial position of the body = xy, velocity = v, and after
time ¢ position = x, velocity = v,. Now, if the body travels a distance dx in exceedingly
small time dt and acquires velocity v, + dv,

U+ d'U

then according to the definition of instantan- 4 v, 2
eous acceleration we get, =30 —1] .

_doy S = Gk

T dt X0 —»

+ x 5
O AU, = @z dt g™ (3.26)
Fig. 322

Now integrating the equation (3.26) in appropriate limit i.e., =0 and f =t and
corresponding velocities are v, and v,, we get

t‘[1:]:10,( = J.Otaxdt

[vx];l = ay [t]:)

Or, Vy— 0y =ay(t—0)

OT, Uy =70y + Gyt = (3.27)
Again, according to the definition of instantaneous velocity we get,
_dx

T dt
or, dx =uv,dt

or, dx = (Ux, + ayt) dt (3.28) [using equation. 3.27]

Integrating both sides of the equanon (3.28) within limits x and Xo and x and =0
and t we get,

!; dx = I (Ux, + axt) dt

[x] = [t]0 + a, [ﬂ:

12
2
or, x=xo+'o,.t+%agt2' s &

OI, X—Xg=Uyt+ay X

¢l nousreissss
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alwelocxty of a body moving with uniform acceleration,
= vg>+ 2as or; U2 =v%+2a (x—xg)

Let uutlal ve10c1ty ofa body moving along a straight line with uniform acceleration
a be vg; after time ¢, final velocity is v and during that time the body travels a distance s.
An equation relating v, v, @ and s is to be established.

According to the definition of instantaneous acceleration,

L i
T dt
dv ds
o, a=ZoX

du
Or, a=3—xv

or, ads=vXdv = &5 (3.29)

When s = 0, then v = 9y and when s =, then v = v; by integrating both sides of the
equation (3.29) within this limit we get,

I sads - I Uvdv
0 0

or, a Isds = Ivvdv
0 0

or. ably=| 2]
2.0

2
or, a(s—0) = %;TJ

or, as= 2

or, 2as =v2—-v%

Jor, ®2=vg+2as . (3:30)
© Again, if the body starts moving from rest, we get
v2 =02 + 2a5
or, v2=2s

or, v2=constantxs [ - 24 is constant]
0 :1‘02"‘5




At start, i.e., when tune. t’
velocity = v, and positon=x

va t dt a8 P Lat
’, s # = ‘-3001

= — :__l et sdead
e -'-."_*r » 451 1o (ool

€ %o

Y

A

dv
T
o _doy dx _'"'i:'.- ,*p 1-;;;

: dx Xat

or, a,dx = v,,;:xdir;,1|r ri

~ When x = x,, ‘then v
integrating both sides of the equ



156 PHYSICS—FIRST PAPER

Inquisitive work : If the velocity of a car is doubled then how many times the d1stance'
should be to stop. the car by applying brake ? explain.

Let retardation a be generated by applying brake of a car moving with velocnty 0;
consequently the car stopped after travelling distance s. Here final velocity v = 0.

We know, \
v2 = g2 — 2as
_Uo* el

or, so<vy? (due to brake retardation, a = constant)
Hence, if the initial velocity of the car is doubled, then the distance for stopping
the car, s = (2)2 = 4 times.
|Perceptional work : Why a body moving with tiniform speed does not have acceleration? |

3’6 Position-time and velocity-time graphs
Change of position of a body can be expressed by position-time graph and change
of velocity can be expressed by velocity-time graph.

3'6'1 Position-time graphs /

With the passage of time position of a moving body changes. This relation can be
expressed by a graph. In this case, time (t) is placed along X-axis and change of position
(Ax) along Y-axis. This graph is called position-time graph. From this graph velocity is

. determined. In the following sections, uniform motion, non-uniform motion and motion
along straight lines have been presented for a moving body.

1. If a body is located to a partlcular distance from a fixed point reference, then
the distance between point and the body is called position.

Suppose, a body is moving along X-axis. When

< 2 > the body is at point P then distance of the body
o J f —X  from the origin O is x; and when the body remains
i e Q at point Q, then the distance is x,. Motion of such a
Fig. 324 body along X-axis can be represented by figure 3°24.
Again, suppose a body is located at X
point A at time #; and at point B at time t,.
Coordinates of the points A and B along X- e
axis are respectively x; and x,. In this case AP S e ba
time interval t; and t; is At = t, — t; [shown ' Ax=x— X
2. Through a graph we can discuss o e Vg dagr = aal
the motion of a body. ; !
n this process a graph is drawn by i i 00
cement, velocity or accelera- o ) ; AL
1 2
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3'6'2 Distance-time graphs

(i) Distance-time graph (In case of uniform velocity) :

Motion of a motor cycle in every two minutes along a plane road is shown in
table 3'1.

Y Y
Table 3°1 : Distance-time 0 P
- . Vi1o | AETEE — P
Time ¢ Distance s < ; un
(min) (km) < ‘
=1 8 oo e :
0 O D 1 1 I O
2 4 A7 ! : 0
4 8 ol : X
6 12 O 2 4 6 O)F8 ——— (1)
— Time (8)
Fig. 326

A body moving with uniform velocity covers equal distance in equal interval of

time. The g
Slope of the stra1ght line OP = g% D{Et;lgce st

WOl'k Draw a graph in a graph PaP 3 .
calculate the distance travelled in 10 minutes

Y
A
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Slopes at different points, in this graph, are different i.e., velocity is different at
different times. The magnitude of the slope at a point gives non-uniform velocity at that
time. : :

According to figure, velocity at P = é—g =Z.

3’6’3 Velocity-time graphs’

% (i) Welocity-time graph (In case of;
funiform velocity) : The velocity versus time
graph drawn of a body moving with uniform
velocity will be a straight line CB parallel to
the time axis [Fig. 328]. As there is no change
of velocity with time, so the graph becomes
parallel to X-axis.

> X Area of the rectangle OABC subtended by

(@]
™

—>» Velocity (v)

O — Time() A the velocity and time axes = OC x OA =vt=s




that velocity of the body at time 0 is 14 ms™! and bemmesamdmﬂf%sgc {
uniform velocity. Here velocity decreases with time and in e?erjr
retardation) remains constant. s

Y o
Table : 3-:2 y
14 -
Time Velocity
f sec vms’1 12
0 14 10 -
2 12 o
4 10 s 8 e 5
6 8 SCISi
8 O Al
10 4 i | i nd
12 0 2 s sanl o8
2 2

o abn i@ el wﬁrg i
e I8 FULW u“‘:"ﬁv 1’.—0)0’{ sh I ﬂ- : L
()SEE u!lﬁ fi'?“"f".t EHES"

L 'a'_-l.l"-; _ '3 Ll
iolAaolz ot ol lnuns *fi_.ujﬁlfﬂm
whi
sri} Youqolz orft 61 lime.) 21 qﬁig
i mott 1esl 2t il ,aermumsqj
oiff il omi diver y

oA %f};_a{}mrtqﬁ_xs 3
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Determination of acceleration : In figure 3'31(b) time t = OA, initial velocity, vy =
OD, final velocity, v = AC
acceleration, a = change 9f Yelodty
C fime
AC—0D AC-—AB
SR OB =D

B BC

~“DB

= slope of straight line of DC
2 X =tan 6 (constant)

o
—>

—» velocity

(-]
S

o time A
(iv) Velcoity-time graph (In case of uniform retardation) :

There will always be initial velocity for uniform retardation. In this case also, the
graph will be a straight line. But its slope will be negative [Fig. 3'32(c)]. Negative slope
means retardation. The slope of the straight line becomes equal to the uniform
retardation. Finally the body comes to rest i.e., its velocity becomes zero.

* (v) Velocity-time graph (In case of non-uniform acceleration :
In case of a body moving with non-uniform acceleration the velocity-time graph
becomes a curve [Fig. 3'32(a) and 3'32(b)]. Where velocity increases with time, acceleration

Y Y
; v 4 B A
3‘ ——————————————
= :
G A : A
@ ]
ik e : ! Tangent %’ > F
Uy : : % 'E
1 1
1 > iG]
: : >
1 ' D C
(] L}
] L}
A 1 ; - ;= x > X
5] t; time time time
(a) (b) (c)

Flg 332

also increases as shown in Fig. 3'32(a) and Fig. 3'32(b). As before, it can be proved that
during time interval (£, — f;) the average value of acceleration is equal to the slope of the
area AB Instantaneous acceleration at any point in the graph is equal to the slope of the
ingent at that point. With passage of time slope continues to increase. It is clear from it
that accelerahon is not constant [Fig. 3'32(b)], rather it increases with time. If the
city of the body decreases with time or if there is retardation, the graph becomes like
(c)**Auelerahon of the point P is obtained: from the slope of AADC.
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3'6'4 Derivation of equations of motion with the help of graphs
(a) Graph in case of the equation, v = v, + at

161

In this equation, there are two variables— one is ¢ and the other one is v. A graph
is drawn taking ¢ on the X-axis and v on the Y-axis [Fig. 3'33]. In the figure, normal PN
is drawn from point P to Y-axis. Let us consider that the final velocity at time ¢ = v = QY.

Now OY = OA + AY i.e., v = vy + at.

Here, slope, a = 137 = 750 =
The equation v = g + at is obtained from the graph.

In case of motion of a body from rest, vy =0, a = constant.
v=0+constantx¢ .. vect

That means, velocity is proportional to timé'

Fig. 333

(b) Graph for the equation, s = vt + %aﬂ.

In fig. 3'33, graph of v versus ¢ is a straight line.
In the figure PN 1 OX ; AM L PN.
Suppose initial velocity = vy, uniform acceleration = a2, ON = and
distance travelled in time ¢ =s.
Now, s = Area of OAPN
= area of the rectangle OAMN + area of the triangle AMP

= OAXON 4 2x AMXPM =1t +5 X AMXPM

Again, slope a = EMELM

AM ™ ¢t
PM = at

i = Le
s—vgt+2t><at = vot+2at
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So, the equation can be presented in graph.
In case of a body moving with uniform acceleration

" from rest, s=0xt+%><constant><t2

or, s=constantxt2 or, so<?
That means, displacement is proportional to time.’

(c) Derivation of the equation, v? = vy? + 2as with the help of velocity-time graph
In figure 3'33, slope of the straight line AP,

_PM _PM
@ =AM~ ON

So, as = %x area of surface OAPN

- M 1 (OA +PN)xON=L1xPMx (OA +PN)
ON*2 2

=% (PN — MN) x (OA + PN)
=3 (0. — o) X (v + V) =1 (V2 — ve?)
or, 2as =v2—yy?
or, v2=1uy?+ 2as
{In' this case, for a body starting from rest and moving with uniform aGceleration
isw e« /s s That mearis, velocity is porportional to the square root distance:
(d) Derivation of the equation, s; = vy +321— a (2t —1) using velocity-time graph
In velocity-time graph 3'34 the straight line AP indicates the motion of a particle.
That means, equation for the straight line AP, v = v, + at. Suppose, the portions AB and
AP in that straight line represent respectively the motion during time (t — 1) second and

t second. So portion of line BP indicates the motion of ¢th second. Hence displacement
of  th second,

Y B P s¢ = area between the portion BP and time axis
E\ = area of the surface CBPD
%A ________ kL =1(CB + DP) x CD
o —(t*?—’ - Infig.334,CD =0D-0OC=t—(t—1)=1s
- —L 1 X : :
B = J— = — 1
(o ® C D (€ velocity at time (t—1) = v +a (t—1)

DP =t velocity at time ¢t = v + at
Fig. 334

ol sy =% [vg+a(t—1) +vg +at] x 1
=3 [209 +a (2t — 1)]

=g +.-—;-a 2t—1)
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Mathematical examples

A A . A N
1. The velocity of a body is increased in8 s from (47 +2j ) ms! to (127 — 45 )
ms~1, calculate the average acceleration.

— N A N N
According to the question, Av ={(12i—4j) — (4 i +2j )} ms!
= (8? - 6?)ms‘1 and
At =8s

wiT ol (5 e
average acceleration, a = ‘;: =( g 8—5 1) ms—2

ATaln
= (Cif=am)imss

and magnitude of average acceleration,

] = '\/ (1)2 + [- %JZ ms-2

= 125 ms2

2. Two engine-driven boats are racing with velocity of 10 ms™! and 5 ms™ .
Their accelerations are respectively 2 ms2 and 3 ms2. If the two boats reach the end
at the same time, then how long did those two boats participate in the race ?

In case of 1st boat, Here
Initial velocity of the 1st boat = vg; = 10 ms™?
Acceleration of the 1st boat, a; = 2 ms=2

g Initial velocity of the 2nd boat = vg; = 5 ms™
s=ogt+m .. .. (i) Acceleration of the 2nd boat, a, = 3 ms?,

1 5
s=vmt+§a1t2 e e (1)

In case of 2nd boat,

From equations (i) and (ii) we get,

Vot + }_—,altz = vgat + %fiztz
1
(‘Ugl s ng)t = i‘ (ﬂz oy ﬂ'l)fz aee - aen (].‘ll)
or, (10—5)=;(3—2)2
1
==—x{2
or, 5t 5 Xt

1
or, —zt

t =10 sec
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3. A train starts from rest with acceleration 10 ms-2. Parallel to this a car starts -
at the same time with uniform speed 100 ms~?. When will the train overtake the

car ?
Now, for train

s = vg,t =%a1t2
or, s =0+%><10:;<t2

(i)

or, s=>5t2

and for car

l azfz

S =ngf+2

or, s = 100t+%x0

= 100t
From (i) and (ii) we get,
5t2 = 100t

R T00 S
: t=—__5— 20s

or,

(id)

Here,
Initial velocity of the train, vp, = 0

Acceleration of the train, a; = 10 ms2
Initial velocity of the car, vp, = 100 ms-1
Acceleration of the car, a; =0

Time, t =7

Altei-native method : In case of uniform velocity,

s=vt=100¢

100 /100
R TR

4 A bullet after penetratmg 0°04 m of a wall loses 75% of its speed. How far
will the bullet penetrate that wall afterwards ?

We know,

2
Ur,2 = Uy + 24,51

iy v 2 =
Uxg 2
Uy 2— v,,f', ( 4 ) — Uxg

or,

ax

251 251
2
U,o 2
16— =0 _—150,3
S oI = RyTE
_ —15ug  —1505
=32x004 128

[R. B. 2010; D. B. 2007, 2001; J. B: 2000]

Here, in the first case,
initial ve10c1l:y Uxg = Uz

distance, s; = 0°04 m

fmal velocity after
penetrating 0'04 m,
Uy, = (Ux,, 75%%)
3 Ux,
= (Uxo i 4 t’xg) _ZQ

acceleration, a,

s (31
)e Ui

—?
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Again, v,)2 = 0%, + 24,5,

vx2 [ at'q 50x2] Here, in the second case,
0
or, 0 == +2x - D
1o s initial velocity, v, = f
vm 30010 5 3. 15 ng
16 788 acceleration, a, = — 1328
— %Sz = v_m final velocity, Uy, =0
'1 2 16 distance, s, =?
S7 :% =267 x 102 m

3'7 Projectile motion

If you go to a stadium to enjoy cricket game then yoﬁ will see that the cricket
ball thrown from the boundary is seen to be ascending first and then descending to the
ground in a curved path. Similar phenomena

are observed in case of motion of bullet fired o

upward from a gun, motion of arrows, bomb vy A

thrown from plane— in all cases same type of Ox
trajectories are observed. This type of curved 0 = o
motion is called projectile motion and the path H

is called trajectory. Itisiaiparabola. This type 2 . . X
of motion is two dimensional motion. If wé O3 R VB
1gnore air-resistance, motion of a projectile is dug Fig. 335

to gravlty only. The path of prO]ectlle is always -
parabolic. When the projectile reaches the maximum height, its velouty ‘becomes
minimum. Again, the motion of the projectile at maximum height is one dimensional.
Maximum distance that a projectile travels horizontally is called the range of the
projectile. Acceleration along horizontal, a, = 0, and vertical acceleration , ay=—g. At
the point of ejection the coordinate of the originis x = 0, y = 0. Suppose a pro]echle is
thrown from point O vertically at an angle of 6 with initial velocity vg [F1g 3'35]. Initial
velocity of the projectile vy can be resolved into two components. One component along
OX and the other one along OY. The two components are,
Uy —vgcosﬂandvyo—vgsme s & AL

It is to be mentioned that as there is no acceleration along the horizontal dlrechon
hence component of velocity along the horizontal direction remains constant. At the
maximum height the motion of a projective becomes one dimensional and vertical
component of velocity becomes zero. Since there is accelerahon along the vertical
direction hence component of velocity changes.
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We can count time from the instant of ejection i.e., if distance travelled in time

%axtz

x=1vgcos 0f + 0 [ Horizontal motion v,y = vy cos 0]

t = 01is x, then according to the equation of motion, x = vyt +

x
~ vg cos 0 | (e
Again, as a, = — g, so after time ¢ this velocity of the projectile in the vertical
vy=vyo—gf=vgsin9—gt - (3:33)
If after time ¢, the projectile reaches to a height y, then
y=th—%gt2=vgsi119t—-%gtz .. (3.34)

Resultant velocity at time ¢, v = Yv,2 + v,2

If the resultant velocity makes an angle a with the horizontal, then tan a = %)3

X
Putting the value of f in equation (3.34) we get,
1 X%

=PSiINOX————SgX—5—=
¥y="% v9cos 8 28Xy cos2 0

= — Lot 2
ye=(tan O)x 2062 c0s2 0 *
y=ax—bx2 an(3:35)
' This is the equation of a parabola.

Herea=tan 0, b =

20 CcoSs B

Hathmtleal examples

leii 1. A cannon-shell is fired with velocity of 40 ms! towards an enemy plane at an
2 angle of 30° wlth the horizontal. At what height the shell will strike an wall at 30 m

away ?
Suppose the shell strikes the wall at a height h.
= m.n Now, honzontal component of the initial ~ Here,
velo '-'Y“) e s s et | Angle of ejection, 6 = 30°
ia_,mgm”v,g -vo c0330° RS R o Iruhalveloaty v = I401:ns‘1
9V gil) gore ‘-40cosz30° . . h| Distance s'= 30ml

= 34641 ms1 st vibalov a5 HsiEht iy = 2.
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As there is no horizontal component at acceleration, so velocity component will
remain constant. Suppose after ¢ sec the shell strikes the wall at a distance of 30 m.

Ul =5
or, Uyt = 30 ol
30 30 . ) y
t =?ﬂ]=34.641—866sec 30°
Vertical component of the initial velocity, \
vyo = 40 sin 30° = 20 ms~!

; ! . Fig. 3736
Vertical displacement after time ¢, i

y =0yt — 5t =20 x 0866 — > X 98 x (866)2 = 13645 m
N. B. If the distance along X and Y axies are used together, then by using the law,

y= (tan B)x — the problem can be solved.

X
2v4%cos%0

Maximum height (H)": At the height point A the vertical component of velocity
becomes zero, i.e., v, = 0.

Now from equation (3.33) we get,
vy sin 8 — gt = 0, £ = 2258

- re1 OU(3136)19er
Putting y = H in equation (3.34) we get, 4
: 2052
H =vysin0 x(—i—” ng.e)—% 33’—0——;;“ £
H = vp?sin2@  vy?sin? O
8 28
{7} '002 sin? 0 12 l
S 5
_Ug?sin? @
20 5T bR =
e i O ' ' :
L . T AR S

inserting these values in the equation, vy =7 sin 6 — gt, we get, 0 = vy sin 8 — gt,, or,

{Time to reach maximum height ¥ At maximum height vy = 0 and if ¢ = t,,, then

| )g ke 3 P itofd =471 8 o
Time o flight{(T) : In this case y = 0 for ascending and ‘descending, so from
equation (3.34) we get, vy sin et—%th:o vorol oW

t(vgsi.nﬁ—%gt]=0 or, t=0
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S i So, puttmgumeoffhght t—Tweget

(3.38)
ra age(R): In the horizontal direction OB = range =R

: ik
So, range, x = R = 0, T = vg cos 6T = vg cosex2vg;m8=200 SICosH

8
[-2 sin O cos 6 = sin 20]
(3.39)

Maximum range (Rnqx) :
For any value of vp, R becomes maximum, when
sin 20 =1 or, 28 =90° or, 6 = 45°.

Mathemat.ical examples

1. A body is thrown in the space making an angle of 60° with the ground at a
speed of 49 ms. At what maximum height will it ascend ? After how long will it fall
on the ground ? What is its horizontal range ?

Maximum height, _Here,
H = o2 sin2 @ : velocity of projection, v, = 49 ms™!
Tom T angle of projection, 6 = 60°
(4;9)2 X (sin 60°)2 .. acceleration due to gravity,
2x98 =LA g =98 ms?
Time to reach maximum height,
_Uosin® _ 49 x sin 60° :
i i r 98 = 4'33 sec

If&tedescmdmgtlmexsT then
e . 200 smB 2 x 49 x sin 60° ;
r1orls T g 9 8 _866
13 5 e 2 o
R _vo 111129 (49) xsg18(2x60) _212 18 m

2. The horizontal range of a projectile is 79'53 m and time period is 5°3 sec.
Eind the velocity of projection and angle of projection. [D. B. 2010;Ch. B. 2009, 2004]

We know, e s g

T 29, sin 6, (| Here, R=7953m

(1)
4 0 = ' = lhg L=53:sec
_ yg?sin 26, : -

; g=98ms?
vg? 2sin 6 cos 8 3 vo=7
e . (it)

SEISS{OTY o1l 10 (1 9iniz i Rini% T Zisnil
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From equations (i) and (ii), we get,
2Ug sin Gg
Lo s 8
Ris: 002 sin 290
53 3 1
7975815105 €058y [+ sin 20 = 2 sin 6 cos 6]
or, vg cos B, = 15006 seeut mn(axi)
Now, from equation (i), T =2v°%%
Vg SIn BO=%§xT= 98;—53 =2597 ... (iv)
From equations (iii) and (iv), we get,
tan 6; =202 1:7306
S 0S5 006
90 = 600

Substituting this value of 6 in equation (iii), we get,
vo cos 60° = 15006
15006
% U0=W=30m5_1

3. A body is ejected from a pillar at a height of 30 m at an angle of 30° with the

horizontal with velocity 20 ms-1. Calculate the time of flight of the body. [B. B. 2010]
We know,

&

3 1
Y — Yo = vo sin 6t —7 gt2

or, —30=(20xsin 30) £~ x 98 x
or, 49t2—10t—30=0

, _—(=10) + V07— 4x 49X (=30) _ + 10 262
Ldty -5 2x 49 B O

t =367 sec or, t=— 163 sec

negative value of t is not acceptable

t = 3'67 sec

4. A bullet is thrown from the ground at an angle of 30° with velocity 40 ms-1.
At what height will the bullet hit a wall at a distance of 30 m.
We know,

Here, *aGs X
T gx2 x = 30im
YT To? cos?B vo5 40msel . o e
< 5 9'8 x (30)2 0 = 30° T
f30xtan 20 22X (40)2 x cos? 30° VAR =Y
S717:32 =368 = 13°GA I 106 SR ASG B A0 SRS S

4 ssr-annslaest s m o viisinoxinod
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3'8 Equation of motion of a horizontal projectile

Let an object be thrown from a point O with velocity vy along the horizontal direction
[Fig. 3'37]. If air resistance and the variation of g with height are neglected then
horizontal velocity at any point along the motion of the ejected body will be identical
and it will be vg. But as there is no vertical component of the velocity of the ejected body, so
downward velocity of the body due to acceleration because of gravity will increase
proportionally to time. Let after t sec the object reaches at point P travelling distances
x and y respectively along horizontal and vertical directions. Now let the velocity at P
be v. The horizontal and vertical components of v are respectively vy and v,. Then

Uy =Ug=vcosb and

vy =vg+gt=0+gt=0vsinB [ vp=0along vertical direction]

v =\v2+ 02
Yo
Y
: Fig. 337
Here 6 is the angular separation between the horizontal component v, and v.
tan @ = 2¥
Ux
Again, x=7 Xt (3.40) [ - a, = 0, along horizontal direction]
e
=
1
and y= 3 gt? (3.41) [+ vp =0, along vertical direction]

Now inserting the value of ¢ from equation (3.40) in equation (3.41) we get,

1 X2
s (e)

27,2 '
= ?
g J (3-42)

) 2
Since vg and g are constant, if we put 2—;"— = 4Ain the above equation we get,

x2 = 4Ay : (3.43)
This is an equation of a parabola. So, trajectory of a body or a projectile ejected

~ horizontally in a resistance-free path forms a parabola.
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Mathematical examples

1. A plane is flying at a height of 490 m from the ground with a horizontal
velocity of 147 ms™. It dropped an object vertically down to a point A on the ground.
The object strikes at point B on the ground. What is the distance of AB ?

o -+ 147 ms-1
490 m
A B
Suppose, the object is dropped from Alternative : :
position O; so, OA = 490 m, after time ¢ the Y — Yo = Uyot + 5 8t
object strikes the ground at point B. Initial or, —490=0— % X 9°8 X #2
velocity of the object in the vertical direction is or, 490 = 4'9 £2
ZEXO: “ t=10:sec
1
h =vyt+58t Here
= 1 ‘a2 = 490 m
or, 490 =0 +5x 98t ro - 147 m
or, 490 =491# =)
or, 2 =100
t =10sec

Horizontal displacement, x = v, X t = 147 x 10 = 1470 m
2. A football is kicked making an angle 30° with the ground at velocity 40 ms™.
Find the magnitude of velocity of the football after 2 sec.
[R. B. 2010, 2007; D. B. 2006]

Let the point from where the ball is kicked is the| Here,
origin and Y-axis is positive vertically upward. Angle of projection, 8 = 30°
If v, and v, are respectively the horizontal and| = Initial velocity, o = 40 ms™!
vertical components of final velocity v, : Time, t =2 sec
2+ 02 Final velocity,v=?

If honzontal and vertical components of initial velocity Uo are Uxg and Uyo
respectively, we get,
Ux = Uyt
=0 cos 0 + a,t
= Uy cos 0 [ - horizontal acceleration, a,=0 ]
= 40 cos 30°
= 34'64 ms™!
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And, vy = vy + a,t
=Upsin 6 + ayt :
or, v, = 40sin30°+(—98)x2 [As the vertical component is downward, so
= 20— 196 = 04 ms™! a,=—g=—98ms?]
fo=NZ * o7
= (34'64)2 + (0'4)
=1199°9 + 0'16
= 1200 = 3464 ms™!

3. A body is thrown downward from the roof of a building of height 170 m at
an angle of 30°. Its initial velocity is 40 ms™1.

(a) How long will it take to strike the ground ?

(b) How far from the bottom point of the building it will strike the ground ? ?

(c) At what angle will it strike the ground ? [R. B. 2005]

Let the ejection point is the origin and vertical Y-axis be o
positive.

Here, xg=1y=0 y

vertical displacement (y — yp) =— 170 m (downward)

Angle of ejection, 8y = —30° (the angle is downward
along the horizontal) -

(@ t=2() (x—x)=?(c)6="

Here horizontal angle 4, = 0, vertical acceleration 4, = — g = —9'8 ms2

(a) We know,

1 ; 1
Y=Yo =y, T"‘_i’_aytz = po sin Ogt + antZ

or, =170'=40 sin (~30°) xt — X 98 x 1

_or, —170 = — 20t — 492 '

or, 49t2+20t—170 0

—201\1(20)2 4x49x170
.2x%49

- or, t=49secor,t=— 827 sec’

so, t =49 sec

. or, ,t

_ 1%
(b) x= I.g + Vgt + Eagtz
Or, X—Xg = Uyt + %—a,ft2
= vg cos Bpt +-;—a,ct2

=40><cos.(-— 30“)1--}.-%:1,#
_40xcos 30°x49+0 [ cos (—30°) = cos 30°]
—40>< - X 4'9 =145'15m
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(€) vy = vy +ayt
= vy cos Bg + a,t = 40 X cos (— 30°) + 0 = 3464 ms~!
again, vy = Uyo + ayt = vg sin B + a,t
=40 x sin (— 30°) + (— 9'8) x 419
=— 6106 ms™!
tan 0 = %y
UJ.‘
— 6106 . S =
or, tan@ = 3464 =—176 .. 6=—60

3'9 Laws of falling bodies

If you drop a piece of paper and a piece of stone from the roof at the same time,
what will you see ? You will see that the piece of stone reaches the ground earlier than
the piece of paper.

We know the reason behind the falling of the stone or paper is due to gravitational
attraction. As acceleration due to gravity does not depend on mass then why the piece
of paper and stone do not reach the ground at the same time ? Here, in this case air
resistance is responsible for the delay of falling the paper piece. Famous Italian Scientist
Galileo Galili conducted extensive research on motion of falling bodies and gave some
experimental laws. In 1589, he allowed to fall different heavy
bodies from the top of an inclined pillar of 180 ft height and
showed that these bodies fall on the ground almost at the
same time [Fig. 3'38]. A small difference of delay in falling of
the light and heavy bodies is due to air resistance. Later on
Scientist Newton proved this law by the famous Guinea and,
Feather experiment. Galileo' gave three laws relating fre
falling bodies like these. These laws ar§

Firstlawe In vacuum, all the freely falling bodies
starting from rest traverse equal distance in equal interval
of time. Or in vacuum all bodies starting from rest fall with
equal rapidity. : Fig.3'38

Explanation : Suppose two bodies havmg masses m; and m; fall downward from
a long height without any hindrance and cover distances h; and h; in time . Now
according to this law, it will be found that h; = h;.

{Seconid1aw): Starting from rest, the velocity of a freely falling body is propotional
to the time taken to fall.

Explanation : Suppose a body is falling to the ground from a great height under the
action of gravitational force. In this case, if the velocity of the body is v, then v =< £,

U -
or, =constant o, ?: —22 = constant

Here v; and v, are respectively the velocities in time t; and ¢, .
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hitd law: Starting from rest, the distance traversed by a freely falling body is

propdriifdh&l to the square of the time to fall.
Explanation : Suppose a body is falling freely to the ground from a great height. If
the distance traversed in time t is /1, then according to fhis law: h o< 2.
h hiy h
gz =constant or, j3=35= constant

Here h; and h; are respectively the distance traversed at time t; and £; .

Equation of motion of a falling body
Suppose a body is falling along Y-axis, vertically with initial velocity v, freely

under the action of gravity from a height . Now in case of falling body,

v=0+gt (3.44)
15 o
h = vgt +§gt2 (3.45)
and v2 = vg? + 2gh (3.46)
Initial velocity for the freely falling body, v =0, so
i rneak =gk
T N th= '_'ljgtfz
(H—x) " ¥Eo0 5 :
l" and; 02 = 2g1
H To determine time to reach maximum height :
: I Let at time ¢ = T, the body reaches the maximum
% height y = H [Fig. 3'39]. There the final velocity, v = 0. In
l - this case, using the equation v = vy — gt we get
il 0=9p—gT; [ at maximum height v = 0]
/////‘//é’////// " m# (3.47)
Fig. 339 It indicates the time of descend.

To determine time taken for travelling up and down :
. Suppose the body at time t = T, reaches the maximum height and comes back to
the initial position y = 0.

In this situation

1
y = vt —5 gt?
1

eyl o) 0 = voTz.'_—.EgTzz

or, %gTzz = ‘Ung
20 e .. (3.48)
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Ascending time,

So, it is seen that ascending and descending times are equal to each other.
Work for self-practice : Throw a piece of paper from the roof and aﬁszqur, épl T
drop a mango from a tree. Wlll the acceleration be uniform in bf’ﬂ.‘ the cases 2 Find c '
the cause of it. e Ll

'&Wi-‘ﬁ i
:-".:5" sy vz .f.:.'-.-.i-_ % T lmwi'ww B | Nt

3-10 Uniform circular motion

If you hold one end of a thread that has a stone fastened at the other end and if
you rotate the thread over your head, you will see that the stone is rotating in a circular
path. Now, if you just release the thread, you will never see that the stone after whirling
many times has fallen on your head. Rather you will see that the stone has left your hand
along the tangent at that point of a circular path from where it has left the hand as in
fig. 3'40(a). If you look at the figure below you will understand it clearly. While the stone
was whirling over the head, if the magnitude of the velocity was constant at every

moment then that type of motion becomes uniform circular motion:
: Ay

Fig. 340 (a) Fig. 340 (b)
That means, if a particle rotates around a circular path at constant speed then
that motlon 1s called uniform cu‘cular motion. -

N AN

} So, velocity changes The dzrecuonof e

- g t:lono

Why a body travelling in a cxrcular path with constant speed has acc@lerahoﬂ'?

In answer we can say, a body moves along the periphery of a circle in Mniform)
speed then that motion of the body is uniform ¢ircular motion. Although the body i th
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motion rotates with constant speed, but direction at every point changes. Tangent
drawn at any point along the periphery will be the direction of velocity at that point
[Fig. 3'40(b)]. As the directions of tangents at different points are different, so the
direction of velocity always changes. That means velocity is also changing, thus there is
acceleration. S0,it can be said that abody travelling in circular path with constant speed;
‘has acceleration: _

Since speed is constant, so acceleration is always towards the centre. It can be said,
when an object rotates in a circular path then the acceleration that acts along the
radius of the circle and towards the centre is called centripetal acceleration.

Explanation of magnitude and direction of centripetal acceleration

Let a particle moving with velocity v in a circular path PQR, O being the centre and
r being the radius of that circle, reach to position P at time ¢ and to position Q at time
(t + At) and subtend to an angle ZPOQ = 6 [Fig. 3'41(a)]. So, at time At, the distance
travelled, As = vAt = arc PQ. Instantaneous velocity at points P and Q are respectively -
v; and v and their directions will be along the tangents drawn at those points. The
magnitude of both the velocities (v) is same but direction is different. If the change of

velocity (?; = _v)l) in time At is

A represented as Av, the value of Av

[\ can be obtained from the law of

v, 7, triangle of vectors. Again, from the
same point A, two velocities 71 and

C = B 7, are represented by straight lines

AB and AC, both in direction and

magnitude. Now connect B and C.

(b) Then BC line will represent magnitude
Fig. 341 and direction of A7’ [Fig. 3'41(b)].

- According to description the triangle OPQ formed by OP, OQ and PQ and the

triangle ABC are similar. As both of them are isosceles triangles and ZBAC = ZPOQ = 6.
So, if ZABC = ZACB = ¢, then

et

Again, according to the principle of similar triangles i(é g%
: Ay = oAt
) S Fie — (approximately)
Av _ ﬁ
AT

-Here the arc PQ has been taken equal to chord PQ..

~ If At is exceedingly small, then the relation can be taken as correct. Since in this
* condition the arc and the chord are taken almost equal.
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When At— 0, distance between P and Q and angle 8 between them will b&yery
~small, i.e., two points P and Q will be very close to each other and angle between A 7

b 4 k: it £0]
and vl or 53 will be about ¢ =90 i.e., —AAT will act towards the centre sioGisifis ’
So, the magnitude of acceleration, ' e
AT v2
a= }rt—m L e ok (3.50)

So, a body moving with uniform velocity of v in a circular path of radius of 7, an

acceleration, a = UT directed along the centre acts on that body.

Equation (3.49) is the equation of the centripetal aceel_exation_ of a bogiy moving
in a circular path. iy

Therefore, if the centripetal force acting on the rotating body is F, then according to
the Newton'’s second law of motion (F = ma)

my?
a
If the angular velocity of the body is @, and as u= mr so

mv2  mwir? e
F=——=——=mw?r 10} istegrngs

Vector form of centripetal force 2

------

— m( 0] m) 7 =—mw?7 = ” here meaning of the nega.twe SIgn (— ve) is that

the direction of centripetal acceleration or direction of force is oppos1te to radius vector
or position vector along the rad1us towards the centre.

Accordmg to the I'trst law of motion 1f no external force is apphed on'% body. it will
remain stationary or in motion with uniform velocity. So to rotate a body‘m circular path
an external force is needed to apply along the pezperidmﬂar du'ectaen) o‘fgmotton. This
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Mathematical examples

1. The electron of hydrogen atom is revolving around the nucleus in a circular
path of radius 5-2 X 10~ m with the velocity 2:20 X 10° ms~1. Calculate the
centripetal acceleration of the electron.

We know, normal acceleration, Here,
a 02 £5222+121-110(?_62 _ Velocity, v =220 x 106 ms™!
22)(22)(1012 x 1011 Radius, r=52x10"1m
52 Centripetal acceleration, a =?
= 9:31 x 102 ms~2

2. A body of mass 50 g is fastened at the end of a thread of length 30 cm and is
rotated in a circular path 3 times per second. Calculate the centripetal force.

We know, Here,
® =2nnrads!=2nx3rads! r = radius of the circle = 30 cm
= 6m rad s~1 m =50g
Ne=u3

Again, centripetal acceleration,

a =w?r = (6m)?x 30 = (18'852)2 x 30 = 10662 cm s2
Again, centripetal force,

F = ma =mw?r = 50 x 10662 = 533100 dyne = 533 N

Alternative method :
E = ma?r = m(2nn)2 x r Here, 3 i
=005(2x314x%x3?2x03 M IR T M
= = k
=533 N i =§°g L0218
Necessary mathematical formulae
S='Dof:t%ﬂf2 . (1)
s = vt (in case of average velocity) ... = (2)
el A8 :
AU _
AEn . AT _ (4)
02 = g2 + 2as S0isy. ! 1y sfine: (5)
Sl et (in'ciaseof-falﬁng) AGHATIAG 4il g 16 01 baboan . Sl ()
_ e 2131b8 1ls 20 @)
(8)
)
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(b) Analyse the acceleration of Rubel according to the stimulus.
(a) During 4 sec and 8 sec Rubel was running with uniform velocity.
So,v=6ms1l, t=(8—4)=4sec
-. Distance covered s=vf=6X4=24m
(b) Since between 0 and a he ran with uniform velocity, again between a and b he
ran with non-uniform velocity, and between b and ¢ velocity is constant, so here
acceleration = 0.
Again, between c and d velocity decreases i.e., there is retardation.
Now, acceleration at point a = % = H = % =1 ms2
acceleration at point b = 0
acceleration at point ¢ =0
retardation at point d = % = %— ms~2
2. In a cricket test Tamim struck a ball by a bat and it started moving at 45°
angle with velocity 20 ms-! over the head of a bowler. From the middle of the field a
fielder of the opposite team started running. The ball reached the viewer-gallery
before the fielder could reach the line of ball. The distance travelled by the ball
inside the field was 35 m and at that place, g = 9'8 ms-2,
(a) At what height the ball hit by the bat would

20 ms™ D 3 reach ?
(b) In the stimulus the fielder could catch the ball
- H jumping a height of 3 m. If he would reach the
45 : line of ball in right time, could he then catch the
< 35m > A ball ? Give mathematical analysis in support of

your answer.

(a) Suppose, the ball will reach at a maximum | Here,
height of H. initial velocity, vg = 20 ms™!
We knowi ‘ angle of ejection, 8 = 45°
= Up SIN? 0 distance of the field,
2332 in 45°)2 400 x 0 2T
s = > isgls L = ca o e
=102 m

(b) Suppose the ball crosses the field at a height of y.
Now, horizontal component of the initial velocity,

V0 = Ug €0s 45° = 20 X 0707 = 14'14 ms™! .
Suppose, the ball crosses the boundary of the field after time ¢.
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Vertical component of the initial velocity,
vy = 20 sin 45° = 20 x 0707 = 14’14 ms~!
Vertical displacement after time ¢,

1 ; : . LI8 B S
¥ =vygf—2—,gt2=1414><2475—E><98>< (2°475)2

=35—30=5m

The fielder in the stimulus could jump a height of 3 m, but the ball crossed the field
5 m above, so the fielder could not catch the ball.

3. In a test between Bangladesh and Zimbabwe Sakib struck a ball by a bat
and the ball started moving over the baller to outside the field with velocity of 20
ms~1 at an angle of 45°. From mid field a fielder started running. Before the fielder
reached the line of the ball, it crossed the boundary making six. Distance travelled
by the ball inside the field was 35 m. [D. B. 2015]

(a) Why the horizontal distance travelled by a body thrown vertically upward
is zero ?

(b) At what height did the ball in the stimulus ascent ?

(c) The fielder in the stimulus could catch the ball by jumping 3 m. Could he
catch the ball if he would have reached the line of the ball ? Give mathematical
analysis in favour of your answer.

(@) Velocity component in the horizontal direction of a body thrown vertically
upward is zero. So, horizontal distance is also zero.

(b) Suppose the ball in the stimulus would rise maximum helght of H.

We know, Here, >
H =!Uo sin 0)2 79 = 20 ms! =5
2g 0 = 45°
(20 x sin 45°)2 " _ ot o
— 2)(98 =102m g = 981118"
150 = 7
(c) We know, x = vy cos 6t
X 39 :
_vocose=20XL=247sec
V2

.Now. Yy =vgsin 6t -%gtz

= 20 X sin 45° X 2'47 — %— X 9'8 x (2'47)2

=503 m
The fielder in the stimulus could be able to catch the ball by jumping 3 m height.

Since y =5'03 m > 3 m, so even if the f1elder would have reached the hnefof'ﬂ'té
ball, he could not catch the ball. : srorlm 0130 HsW S m
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4. A performer in a circus party is rotating in horizontal plane a sphere
weighing 5 kg fastened at the end of a rope of length 2 m and 1'5 m above the
ground. The sphere rotates 20 times per minute. While rotating the rope is torn off.

(a) How much force will the rotating sphere experience towards the centre ?
(b) What should be the distance of the observers’ row from the performer so
that the sphere does not hit any observer ? Explain by mathematical analysis.

(a) We know, Lot
= @I_ z r=2m
=mx ; Xr seind s
2x314x20) J t = 1 min = 60 sec
a X( 60 J e E i e centripetal force, F. =?
(b) We know,
i =21:N =2 XBJS x 20 _ 2'0944 rad &1

Again, v = or = 20944 x 2 = 4188 ms™!
If the maximum horizontal range of the sphere is R, then
RP_(4188)2
g 98

So, if the distance of the row of observers from the performer is more than 179 m,
then the sphere will not hit any observer.

5. A hunter fired a bullet at a bird sitting on a wall of 10 m height and 75 m

away from the hunter. Angle of ejection of the bullet is 60° and ejection velocity,
g =30 msL

(@) Calculate how long the bullet in the stimulus was in air.
(b) Whether the bullet mentioned in the stimulus will hit the bird or not ?

1'79 m (from the performer)

Analyse with mathematical justification.

[Ch. B. 2015]

(a) We know, : Here,
timeofﬂight,T=—v9—;m—e X0=yo=0
_2x 30 x sin 60° vg = 30 ms~!
¥ 98 x=175/m
: = 5302 s = 60°
(b) We know, B 30
= __ g 2 L=t
Y =EmE)e 2(vo cos B)2* height of the wall, h = 10 m
= tan 60° X 75 — 2

2(30 x cos 60°2 % (75
=1299 —1225=74m .

“i' Since the vertical distance of the bullet is ¥ = 7'4 m and the position of the bird is
~ onawall of 10 m height, so the bullet will not hit the bird.
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Uo = 30 IJ‘I'S'I

g =10 ms™

- 32:94m '
P Q
When the hunter throws his spear the deer starts running from rest at a
velocity 10 ms~! with uniform acceleration along PQ. _ ~ [Ch. B. 2015]

(a) At what maximum height will the spear of stimulus rise from the point of
ejection ? |

(b) Will the spear hit the deer ? Give mathematical logic in favour of your
answer.

(a) We know, maximum height

H = vo? ;?2 0

_ (30)2 x (sin 30°)2

2x 10
(b) Horizontal range of the spear,

P Vg2 sin 26

=1125m

8
2 o
_(39) (sin2x30°) _ — 7794 m
10
Time of flight of the spear,
T =2005in9
2X30XSII130° 3 Al iied 11 faic y T
10 iy o f [i5d 2rli 2Lyswod
Distance of the deer from the hunter after 3 sec. vhizolav st 2i IadW (6)
s —3294+vgt+;at2 - TG99 Here ol iatiW (<)
" IIQFO ~$orn 15 ;,:.'.".‘a';f‘

_3294+1x10x(3)2

= 7794 m 3 con Y, vitale

Here the range and the distance travelled by the deer is equal S0 the spear w1llh1t
the deer. ® 3 gy =0
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B
S

v9=30 ms?!

Bu= 600

(0

(a) Calculate the range of the projéctile.

(b) Will the projectile cross a wall of height of 25 m at a distance of 20 m from
the point of ejection of the projectile along X-axis ? [J. B. 2016]

(2) We know, range of the projectile,
R = g2 sin 26, _ (30)% x sin 120°
g 98
=79'53 m
(b) If the vertical distance of the projectile at a distance of 20 m is more than 25 m
hen the projectile will be able to cross the wall and if less, then not.
We know, vertical distance of the projectile,

x2
aiarn9o x— 2(v cos 6)2
2 - 9:8x(2002. ..
y = tan 60 X20_2(30><cos 60°)2 = 2593 m

Since the vertical distance is greater than the height of the wall, so it will be able to
Cross.

8. A football player kicked a ball from 80 m distance in front of the goal keeper
at an angle of 30° with the horizontal with a velocity of 25 ms-1. After some time, in
order to catch the ball the goal keeper rushed with uniform velocity of 10 ms™!
towards the ball. [g =98 ms2]

(a) What is the velocity of the ball after 0°5 s of kicking ?

(b) Whether the goal keeper will be able to catch the ball before it touches the
ground or not—give opinion with mathematical analysis. [R. B. 2016]
(a) Let the point from where the ball is kicked be the 'origin and upward direction
along Y-axis is positive. ‘ e
‘i If v, and vy are the horizontal and vertical components of the final velocity, then
=12 + 0,2
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If horizontal and vertical components of the initial velocity are v, and v, then,
Uy = Uxg+ axt
= pg €0s Oy + a,t = 25 x cos 30° + 0 = 2165 ms!
and
vy = Vyg +ayt = vgsin By +ayt = 25 x sin 30° — 98 x 05 = 7°6 ms~?
(b) Time during which ball will remain in air i.e., time of flight of the ball,
.t 200 sin 9[]
Y g
_ 2x25 xsin 30°
= 9'8
Distance travelled by the goal keeper during this time,
s=vt=10x255=255m
horizontal range of the ball,
R - W2sin26) _ (25)2x sin 60°
=3 g 9'8
That means, before touching the ground if the goalkeeper can travel at least a
distance (80 — 55'23) m = 24’77 m, then he will be able to catch the ball. Since the goal
keeper travels 25’5 m before the ball touches the ground, so he will be able to catch the
ball.

9. During the cricket match between India versus Bangladesh Sakib-Al-Hasan
threw the ball towards the batsman Virat Kohli. The bastsman hit the ball at an
angle of 30° with velocity of 20 ms-1. Rubel at a distnace of 80 m from the batsman
started running with velocity of 8 ms-1 in order to catch the ball.

(a) How long will the ball remain in air ?

-« &) Will it be possible for Rubel to catch the ball ? Give your decision with
mathematical analysis. [B. B. 2016]
(a) We know, time of flight,
T = 2'00 sin 90
g
2 x 20 x sin 30°

= 98 = 204 sec
(b) distance of Rubel from the batsman, d = 60 m
Rubel will rush to the ball in 204 sec
distance travelled by Rubel, s; = velocity of Rubel X time of flight
=8x 204 = 1632 sec

= 2'55 sec

=5523 m

horizontal range of the ball,
2 gi 2 0
R = % 51;1 20 (20) ;ssm 60° _ ~3535m
So, disntance travelled by the ball before it touches the ground,
s3=d— R = (60— 3535) m = 24'65 m

That means, Rubel will have to travel a distance of 24'65 m in 2'04 s to catch the
ball. But Rubel could travel 16'32 m before the ball touches the ground Hence 1t wﬂl not
be possible to catch the ball. S AW
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10. During a football training two players both kicked a football at velocity 10
ms-! making angles 30° and 60° respectively. A goalkeeper was standing to catch the
ball just before it drops on the ground.

(a) What is the magnitude of the ball after 1 sec in case of the first player ?

* (b) Without changing the position the goalkeeper will be able to catch the two
balls at different times—mathematically verify its truth. - [C. B. 2017]

(a) We know, Here,
horizontal component of the velocity, angle of ejection, 6 = 30°
vy =vgpcos B =10 cos 30° initial velocity, vp = 10 ms™1
=10 x 8'66 ms~! = 8'66 ms~! time, t = 1 sec
and vertical component, velocity of the ball, v =?
vy =vgsin 8 — gt =10 sin 30° — gt
=10sin30°-98x1=5—98
=—48 ms-1
". magnitude of the velocity ﬁ? | = Vo2 + v,2 = V(8'66)2 + (—4'8)2
=v9803 =990 ms!
((b) Initial velocity of the first and the second players, vy = 10 ms™!
angle of ejection of the first player = 30°
and angle of ejection of the second player = 60°
horizontal component of the ball of the first player,
R gesIn20]
g
_(10)2sin (2x30°) .
= 98 = 8837 m
horizontal component of the ball of the second player,
R, = 092 sin 262

4
2 3 o
= (19) X 53}8(2 % 60°) — 8837 m
time of flight of the first ball,
2vg sin 0
T SEmEn
=2>< 10;Bsm30 — 102 sec
time of flight of the second ball,
T, = 279 ng 6,
; -2 10;;‘“ S0 = 1767 sec

' Therefore, Ry = Ry but Ty # T5; hence without changing the position the goalkeeper

~ willbe able to catch the ball at different times.

e I -\

= e
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11. Two friends Sumon and Rana observed that ejecting a body from a point O
on earth with a velocity of 32 ms™! at an angle of 30° drops on earth at a distance of
85 m over a wall AB of height 2 m. [D. B. 2017]

(a) Calculate the velocity of the ejected body Y
after 1'2 s of ejection from the point O.

(b) According to the stimulus for what smallest
change of angle of ejection the projectile will be :
obstructed by the wall AB ? Give opinion with :
mathematical analysis. o A

7, =32 ms™!

(a) If the velocity of the body after 12 sis | Here '

then we know, the horizontal component of the angle of ejection, 6 =30°
velocity, initial velocity, vy = 32 ms!

vy =g cos 8 =32 x cos 30° time, t =172 sec
=32 x 0866 ms™! = 2771 ms™!
and vertical compnent,
vy =7ygsin 6 —gt
=32 Xxsin30°—-98x 12

= 424 ms!
. magnitude of the velocity, W] = o2+ 0,2
=\ (2771)2 + (424)2
=28 ms~!
v, 424
tan Q=0 s ovt
424
L3 -1 — Q'£QR°
6 = tan™ 5577 = 8698
(b) Suppose, if the body is ejected at| From the stimulus, we get,
an angle of 6, then the body will just cross ejection velocity, vy = 32 ms™!
over the wall AB. angle of ejection, 6 = 30°
We know, distance of the wall AB, x = 85 m
o gx2 height of the wall AB, y=2m
y = (tan G)x—z—”)u 050 ,
_ 9°8(85)2
or, 2—tane><85—232cose) .
2 34'573
or, 2=tan 6 x85 — ool

or, 2= tan 0 x 85— sec? x (34'573)

or, 2= tan 0 x 85— 34573 (1 + tan?0)

or, 2= tan 0 x 85— 34573 — 34'573 tan2 0
or, 34573 tan20 — 85 tan 0 + 36573 = 0
s 0=6224° or B = 29°07°
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So, the minimum reduction of the ejection angle is (30° — 29'07°) = 0'93° then the
projectile will be obstructed by the wall AB. :

Ob]ectlve Determination of average speed at different times, drawing of a graph
of velocity versus time and determination of average acceleration at any time.

Apparatus : Metre scale, stop watch, rope or a measuring tape, speedometer that
will be fixed to individual’s shoes.

Procedure :

1. Give marking with chalk powder at one end of the playground of the college (if there
is no college ground, then in any other playground).

2. Put5 markings at 20 m interval, so that 5th marking will measure 100 m.

3. You stand near the first marking and your four friends will stand with stop watch
near other 4 markings .

4. Assoon as the teacher blows the whistle you start running and each of your friends
will start his stop watch.

5. When the runner crosses each friend he will stop his stop watch. From the
speedometer velocity will be found out.

6. By dividing the distance travelled by time taken velocity for that distance can be
found out.

7. In a graph paper put time (t) along X-axis and velocity (v) along Y-axis and draw
the graph.

8. From the graph velocity at any time and acceleration for a particular time interval
can be found out.

9. Draw the graph again. Now find out the instantaneous acceleration for any two
times.

10. By walking and running with different speeds repeat the experiment.

11. In this way each student should complete the experiment.

Table of observation

No. of Distance travelled| Time Velocity | Average acceleration
observation (m) (sec) v (ms™1) _ Velocity Jult
~ Time

B lWIN=
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Reference frame : The coordinate system in respect of which the position of a
body can be determined is called reference frame.

Displacement : Displacement is a vector whose magnitude is equal to the minimum
distance between the initial and the final positions of the path of motion of the body
and the direction is along the initial to final position.

Average speed : Total distance travelled by a moving body divided by the time
taken for the travel is called average speed.

Instantaneous speed or speed : If the time interval approaches zero, the rate of
change of distance with time is called instantaneous speed or speed.

Average velocity : Time rate of change of displacement is called average velocity.

Instantaneous velocity or velocity : If the time interval approaches zero, the rate
of change of displacement with time is called instantaneous velocity or velocity.

Uniform velocity : If the velocity always remains constant, then the velocity is
called uniform velocity.

Average acceleration : The average acceleration of a body is its change in velocity
divided by the time required for that change.

Instantaneous acceleration or acceleration : If the time interval approaches zero,
the rate of change of velocity with time of a body is called the instantaneous acceleration
or simply acceleration.

Uniform acceleration : If the acceleration always remains constant, then that
acceleration is called uniform acceleration.

Laws of falling bodies : There are three laws of falling bodies which are shown
below :

First law : In vacuum, all the freely falling bodies starting from rest traverse equal
distance in equal interval of time.

Second law : Starting from rest, the velocity of a freely falling body is proportional
to the time taken to fall.

Third law : Starting from rest, the distance traversed by a freely falling body is
proportional to the square of the time required.

Projectile : When an object is thrown obliquely into space, it is called a projectile
and its motion is called projectile motion.

Time of flight : Time taken from the point of projection and return to the ground is
called time of flight.

Range : The distance of the point at which it falls on a plane is called range. Or,
distance between the point of projection and the end of the flight is called range.

Circular motion : If a particle or an object moves centering a point or an axis in a
circular orbit then that motion is called circular motion.

Uniform circular motion : If a particle travels around a circular path at constant
speed then that motion is called uniform circular motion.

Centripetal acceleration : An object moving in a circular path with a constant
speed has an acceleration called centripetal acceleration. It is directed towards the
centre of the circle. .




190

PHYSICS—FIRST PAPER

‘Summary of the relevant topics for the answer of multiple choice questions

1. The equation v = u + at can be expressed by the adjoining v — t graph T S

v

— ¢
The slope of the graph = acceleration.
Y
SR ; ; i Uoz sin? 0
2.  Graph fora projectile is x- Maximum height of the projectile, H =l pginE
(0

3t 2 ms-1 In the light of the graph of non-uniform velocity acceleration can

3 B a A B
2 be expressed by this graph 8ms™ ] if 8 ms! and

1 -
A E o S

OFEEST (o 10 ms-! are velocities of A and B, then change of velocity is 18

ms~l. s =yt + %atz. Sth = Ug + %a(Zt —1),h=v9— %3(2:‘ - 1)

none is applicable for a body moving with variable acceleration.

From the graph magnitude of acceleration is found,

2 g
from slope = T 005 ms2 and its equation v = vg + at.

In the adjoining graph

4.
5%
(a)
Siesesmn i ()
—t (sec) (c)
6. (a)

O s et
—>t (sec)

7.  Ignoring the resistance of air, a stone is thrown obliquely vy
from point P according to the adjacent graph. The
maximum point of the trajectory is T and the stone
reaches the point O just before touching the ground.

(a) Maximum horizontal range of the stone will be 40'8 m.

(b)

velocity at point A = g =2 cms!

line BC represents steady state of the body.
distance travelled in 10 s is equal to the area of

- OPBCE.

According to the graph distance travelled from
t=0tot=5s by the body will be s =ovt=10x%5
=50 m

velocity of the body fort=0tot =5s =10 ms™*

-—p

(b) Horizontal component of velocity of the stone at
point T is zero. Time taken to reach the point O is

2°885 sec.
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(a) Instantaneous velocity of the particle (b) (i) in this graph initial velocity is

at point E in the following graph will zero.
be negative. (ii) the body will never stop.
N z
s E ¥ E
t g !
—_ ¢ time

Angle between the velocity and acceleration at the maximum position of a
S U :
projectile is 7.

If the range is minimum ejection angle will be 0°. Trajectory of a projectile at the
maximum height is one dimensional.

If the ejection angle is tan~1(4), then the value of maximum height and horizontal
range will be mutually equal.

Starting from rest, velocity of a freely falling body is proportional to the time taken
to fall.

A projectile is thrown at angle of 45° with kinetic energy E. At the highest point

potential energy will be, TE

Trajectory of an ejected body along the horizontal is a parabola. As the
acceleration along the horizontal is zero hence component of velocity remains

constant.
Y

If it moves with uniform acceleration the graph in the 2
mentioned figure will be a parabola. At the highest position 1. 1
velocity is zero. =

Angular velocity of second-hand of a clock is % rad s and angular velocity of

hour-hand is g rad s~

For maximum range a projectile is to be ejected at an angle of 45°

Horizontal component of acceleration at any point in the path of a projectile is
zero.

Equation of displacement of a moving body, x = (4¢* + St) m. After 2 sec velomty
of the body is 19 ms~'.

At the maximum point of the trajectory of a projectile velocity and acceleration are

perpendicular to each other and angle between them is 12—: Velocity of horizontal
component is zero. : ' :

If a body falls in ¢ second after ascending height I, then after t:une 2 s the hody will

Fasdpt] 1L

be at a height of i from the ground.
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24.

26.

27:

the ad]ommg graph
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If the velocity of a body is constant but not zero, in that case ; the graph
—>
will be of uniform velocity.
The graph of the equation v =, +at is } %1 . Slope of this graph is acceleration.
—t

Trajectory of a projectile is a parabola. A particle is 10 (ms~)
rotating in a circular path. The direction of its =
acceleration is along the centre. In the graph, in going 3
from O to A acceleration is 10 ms2.

_)
£y, Tg

|
x2=80yand [ ; vp = 20 ms™! obtained from B(x, )

e X

o B

: ‘002
}hnts:.'Zy-g—=x2 =80y
In case of a moving body starting from rest and at time ¢, graph of the equation

s
s=ut+ %atz is 1
—t
A body is. moving from rest with non-uniform acceleration in such a way as the

magnitude of its maximum acceleration slowly decreases » |

to zero. Adjoining graph of velocity versus time indicates 1
it. Sl
P

%

equation of v in PQ curve, v = at

O —t

Graph of v2 versus t is of a particle started from rest and moving with uniform

acceleration is T L

0—+t

Uniform increase of veloal‘y of a car movmg in stralght path can be expressed by

accelera
—> tion

— fime fLiseys
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When t =0, a body starting from rest moves with constant ;
acceleration. The adjoining graph indicates the change of 1t
displacement with time correctly. —

A body is thrown with velocity v vertically upward and after time f it comes back
to the ground.

(a) In this case graph of velocity versus time is : t IL
—t

S
(b) In this case graph of displacement versus time is : { IQ_
—t

S x
In the graph of x versus ¢, uniform velocity graph is : t li % TL
—t —t

If the equation x = % t2 + 3t represents the displacement of a body, then the graph

a
of acceleration versus time will be T IL .
— ¢t

Motion of a projectile at maximum height is one dimensional. Acceleration of a
projectile along X-axis is a, = 0, acceleration along Y-axis, a, = — g. As there is no
acceleration along the horizontal direction, the velocity along horizontal direction is
constant. :

; & (a) slope of the graph indicates acceleration, a = %
3 ms! : (b) VEIOCity'at pomt A,ov=u+at= 3+ 2 x4 =11 ms"]

4 sec
For the same ejection velocity and for same range if one of the ejection angle is 30°,
then the other angle will be 60°.
Explanation : if 8 = 90° — o then R becomes same.
8 = 90° — 30° = 60°

In case of motion of a projectile graph of horizontal velocity versus time is ¢

—t
If x = 12t — 12 {2 then ét 3 sec velocity will be 48 ms™! and f‘f"“’”
acceleration — 2'4 ms=2. 204P
B e a5 S0 1012
For PQ graph v = a# is applicable. Someuss -..io' - 110 —> ¢



